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Abstract

In this work, a new estimate algorithm for the parameters of a pure diagonal
bilinear model is proposed. This algorithm turns out to be very reliable in es-
timating the true parameters’s values of a given model. It combines maximum
likelihood method, Kalman filter algorithm and simulated annealing.
Simulation results demonstrate that the algorithm is succeeds and promising.
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1 Introduction

The bilinear time series models have attracted considerable attention during the last years.
They have found a variety of applications including those in economy, biology, software in-
terfailure, signal processing...etc

An overview of models and their application can be found in Granger and Anderson (1978),
Hristova(2005), Bouzaachane et al.(2006 a)...

In the most general form, a discrete-time process (X;)icz that can be fitted with a bilinear
model satisfies the following equation :

p q r Q
X = Z a; Xy—; + Z cjer—j + Z Z b Xi—re—1 + et (1)
i=1 j=1 k=11=1

where (a;,1 < i < p), (¢;,1 < j < q) and (by,1 <k < P11 <1< Q) are the coefficients
of the model, and where e; a sequence of independent and identically distributed (i.i.d.)
Gaussian process with zero-mean and finite variance o2. In statistical literature, the above
model is often denoted as the BL(p,q,P,Q) model. This model has been investigated in many
works (see, for example, Subba Rao (1981), Guegan (1981), Bhaskara Rao et al.(1983), Liu et
Brockwell (1988), Liu (1990)). Most of them discuss the probabilistic aspects of the model.
Nevertheless, the statistical problem of the estimation of the parameters for some simple
models has been considered in Pham and Tran (1981), Subba Rao (1984), Bouzaachane et
al.(2006 b). The purpose of this work, is to investigate new approach for estimating the
parameters of the pure diagonal bilinear model of arbitrary order, a particular case of the
above model (1). This approach was first introduced in linear time series models, especially
for estimating the parameters of ARMA models Melard (1983).

It deals with maximum likelihood method, and Kalman filter algorithm. Indeed, the main
idea is to express the concerned model by state space form, and then deduce the log-likelihood
function, which can be computed with Kalman filter algorithm (see Kalman (1960, 1963)). To
obtain the maximum of the log-likelihood function, we used the simulated annealing method,
which provide a global optimum regardless of the initial values. We have used two examples
of pure bilinear models to examine the performance of the proposed method.

We mention that this algorithm was already used for the unit root bilinear model by Hristova
(2005).

The remainder of the paper proceeds as follows. Section 2 lays out the pure diagonal bilinear
model and its main property. Section 3 deals with the estimate algorithm of the parameters
of the model of interest. In this section, we state, the definition of the state space form of
the pure diagonal bilinear model, and the expression of log-likelihood function obtained by
applying Kalman filter to the state space, and then maximize the likelihood using simulated
annealing. In Section 4 we use two numerical examples to illustrate the estimation technique
discussed in Section 3. The conclusion is provided in Section 5.

2 Pure Diagonal Bilinear model and invertibility

Let (X)i1<t<n be a discrete time process. A process of the form :
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P
Xe =) biXiieri+ e (2)
i=1
where (b;;,1 < i < p) are the coefficients of the model, and where (e;)¢cz is i.i.d. Gaussian
process with zero mean and common finite variance o2, is called a pure diagonal bilinear
process and denoted BL(0,0,p,p).

We are attracted to the BL(0,0,p,p) model because of its simple mathematical structure.

In this work, our goal is to establish an estimate algorithm for the parameters of BL(0,0,p,p)
model. So, to obtain the good estimators, it’s still necessary to verify the condition of invert-
ibility of the BL(0,0,p,p) in each step of this algorithm.

The notion of invertibility is very useful for statistical applications, such as the prediction of
X, given its past, or the use of algorithms for computing estimates of the parameters. Several
definitions of this notion have been proposed in the literature. Granger and Andersen (1978),
Guegan and Pham(1987), Pham and Tran (1981) and Subba Rao and Gabr (1984) have de-
rived invertibility conditions for some particular stationary bilinear models. Liu (1990) has
established the condition under what the general bilinear model (1) is invertible.

As far as the model (2) is concerned, a condition of invertibility of this model can, so, be
deduced from the result of Liu (1990). This condition can be written as

P
P’ Z bZo? < 1. (3)
=1

The invertibility condition is fundamental for our algorithm. Indeed, to obtain the con-
vergence of our algorithm, and consequently, the good estimations, we have implanted the
invertibility condition in our algorithm such as, we can verify it in each iteration of our
computational algorithm.

3 Estimate Algorithme

Let 6 = (b11, b2, . .., byp) be the unknown vector of parameters of the model BL(0,0,p,p) (2).
In this contribution, we suggest estimating the vector of parameters 6, by means of the
maximum likelihood method. We establish the log-likelihood function applying Kalman filter
to state space form of the model BL(0,0,p,p).

3.1 State space representation and log-likelihood function

Let us define the (p+ 1) x (p 4+ 1) matrix

0 0 O
1 0 0
0 1 0

oo oo oo
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and )
€t €t
€t—1 0
&t = , Ut = >
et_p 0

with (e;) ~ N(0,0?) and

Hi = [1,b11X-1,b20Xs—2, ..., bppXi—p]

is time-varying coefficients vector.
With this notation, we can rewrite the model (2) in the following state space form

&1 = A&+ v : state equation (4)
Xy = Hi & : observation equation
Given the set of observation X; = (z1,...,x;) available at time ¢, the Kalman filter al-

gorithm, noted FK, generate, recursively, an optimal forecast ét +1)¢ of the state vector
£t+17t:17"'7N'

FK algorithm

Step 1 : Initialization of the state vector 51‘0 wich denotes
a forcast of & . The forcast of X7 is given by
Xijo = Héyjo-

Step 2 : Iterate on &, for t =2,..., N.

Step 3 : The forcast of Xy is given by Xt+1|t = Hétﬂ‘t.

EndAlgorithm

The aim of this present work is to estimate the unknown parameters, b;;,7 = 1,...,p by
means of the maximum likelihood method. In the following we provide the expression of
log-likelihood function derived using the Kalman filter algorithm applied to the state space
form (4).

Suppose we have observed a sample of size N. The approach will be to calculate the prob-
ability density, f(X;#), of the process X = {Xt}ivzl. This approach requires specifying a
particular distribution for the white noise process (e;). So, we have assumed that (e;) is
Gaussian white noise, e; ~ N(0, 0?).

The likelihood function of the process {X;};*; can, then, be expressed by :

N
F(X50) = f(z1:0) [ ] £ (@il Xe130), (5)
t=2

where X; = (x1,...,2¢) and f(x¢|X;—1;60) denoted the recursively expressed probability den-
sity function of X; given X;_1. The log likelihood function (denoted L(X;#)) can be found
by taking logs of (5) :

N
L(X;0) = log f(x1;0) + Y _log f (2| X;—1;6). (6)
t=2
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The distribution of X; conditional on (Xi, Xo,...,X;—1) is Gaussian with mean Xt|t71 =
E[X|X;-1] and variance Mt|t71 = E[(X; — )A(t|t,1)2] (see Hamilton (1994)). Hence, the log
likelihood function of @ is :

n 1 N .
L(X;6) = —3 log(2m) — 5 3 log(Myj—1) —
t=1

Note that Xt|t—1 and Mt|t_1 can be computed by Kalman filter algorithm presented in the
above. Hereafter, we are interesting in minimizing {(X, ) = —L(X, #), which is clearly equiv-
alent to maximizing L(X,#).

3.2 Simulated annealing

Corana et al. (1987) provided a new global optimization algorithm for functions of contin-
uous variables, derived from the simulated annealing algorithm introduced in combinatorial
optimization.

This algorithm adopts an iterative random search procedure with adaptive moves along the
coordinate directions. It permits uphill moves under the control of a probabilistic criterion,
thus tending to avoid the first local minima encountered. Below, we give a brief description
of the SA algorithm following the work of corona et al.(1987).

SA algorithm
Step 0 : Initialize :the vector parameters # the step vector v and the temperature 7.
Step 1 : generate a random point € from the point 6 by the rule

0" =0+ rvy, dy

r € [—1,1] is a uniformly distributed random number;

ey, is the vector of the Rt coordinate direction and Vi, 18

the component of the step vector v, along the same direction.
Step 2: If [(X;0') <I(X;0) accept the new point

Else accept or reject the new point with acceptance probability p

_ 1(X;50)—1(X;0")

p=exp (=7 —)

generate a uniformly distributed random number p’ in the range [0, 1]

If p’ < p, the point is accepted otherwise it is rejected.

( see Metropolis et al.(1953))
Step 3 : steps 1 to 2 are repeated for each coordinate direction ¢,¢ =1,...,m.

(mis the dimension of the vector parameter)
Step 4 : steps 1 to 3 are repeated Ny times(Ny is the number of step variation)

and the step vector v is adjusted .
Step 5 : steps 1 to 4 are repeated N times

(N7 is the number of temperature reduction);

the temperature is reduced following the rule: 77 = RypT with Ry € [0, 1].

Step 6 : steps 1 to 5 are repeated until a termination criterion is satisfied.
End Algorithm
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3.3 Algorithm LKA

Our algorithm named LKA, conserves all the steps of SA algorithm except the step 1 and
the step 2.
In the step 1 of our algorithm we implant the invertibility condition, So, it becomes :

Step 1: Do
generate a random point 6" = (b}, b5y, . .., b},) from the point 6,
by the rule ¢ = 0 + rvp,, dp,r € [—1,1]

P
Until (p? Z(b2i0)2 <1).
i=1

The step 2 of our algorithm, where we compute the log-likelihood function of the given value
of vector parameters, called the Kalman filter algorithm to alleviate this operation. There-
fore, the step 2 can be rewritten as

Step 2 :  Called the Kalman filter algorithm
compute [(X; ') and [(X;0)
If [(X;6) <1(X;0) accept the new point
Else accept or reject the new point with acceptance probability p
_ U(X50)—1(X56")
p = exp (XX,
generate a uniformly distributed random number p’ in the range [0, 1]
If p' < p, the point is accepted otherwise it is rejected.

To assess the performance of our algorithm, we have carried out some simulation experiments,
illustrated in the next section.

4 Numerical Illustration

In this section, we use data simulated from two models to examine the performance of the
technique of estimation we have discussed in the previous sections.

The first model is the pure diagonal bilinear BL(0,0,1,1). The second model, is the pure di-
agonal bilinear model BL(0,0,2,2). In both examples, we shall consider (e;):cz as a Gaussian
white noise process with zero mean and variance o2 = 1.

4.1 BL(0,0,1,1) model

Our first example involves data generated from a pure diagonal bilinear model defined by
Xt = bllXt—let—l + Ct. (8)

To investigate the quality of the LKA estimator, we conduct a series of simulation experiments
for samples of size N = 500.

In each experiment we generate series of length N = 500, and then we applied our LKA
algorithm to provide the estimation of by;. We repeat this procedure 1000 times to compute
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True values Mean Bias MSE T-statistic
0.1 0.1062 -0.0062 9.9670e-004 -0.1962
0.2 0.199318 6.82¢-004 7.6654e-004 0.0246
0.3 0.29057 0.0094 0.0010 0.2914

Table 1: Mean, Bias, MSE and T-statistic of the LKA estimator for N=500

mean, bias, T-statistic and MSE of the LKA estimator. The results of this experiment are
displayed in Table (1) for three different values of b11, b1 = 0.1,0.2,0.3.

The numerical results presented in the table above, showed th,at the values of T-statistic
exhibit the insignificance of the bias and the mean of LKA estimates are closer to true values
of parameters.

Hence, we can conclude that our algorithm succeeds in this first experiment.

4.2 BL(0,0,2,2) model

Our second example involves data generated from a pure diagonal bilinear model defined by
Xt = bllXt—let—l + bQQXt_Qet_Q + e €t ~ iidN(O, 1)

Considering this model, we generate series of length N = 500, and then we applied our LKA
algorithm to provide the estimations of b1; and bes. We repeat this procedure 1000 times
to compute mean, bias, T-statistic and MSE of the LKA estimators. The results of this
experiment are displayed in Table (2), for values by = 0.05 and bes = 0.1.

Parameters | True values Mean Bias MSE T-statistic
biy 0.05 0.0499801 0.0000199 0.0000083 0.0068790
bao 0.1 0.0999689 0.0000311 0.0003710 0.0016132

Table 2: Mean, Bias, MSE and T-statistic of the LKA estimator for N=500

One can see that the estimated values are reasonably close to the true values, and that the
T-statistic reveal insignificance of the bias

5 Conclusion

In this paper, we consider the maximum likelihood estimation of the parameters of a pure
diagonal bilinear time series model. The log-likelihood function constructed by the Kalman
filter, is numerically maximized applying simulated annealing.

The results of our simulation study show that our estimation approach succeeds and it per-
forms better.
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