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ABSTRACT

The length-biased version of the Weibull distribution known as Weibull length-
biased (WLB) distribution is considered, it is shown that it is unimodal throughout
examining its shape. Other properties of the distribution were studied such as the
moments, and the hazard rate function. It is shown that the hazard function is upside
bathtub shaped for values of the shape parameter that are less than unity and increasing
otherwise. Bayesian and non Bayesian estimation problems are also considered. a

numerical example is introduced for illustration.
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1- INTRODUCTION

The concept of weighted distribution can be traced to Fisher in his paper “The study
of effect of methods of ascertainment upon estimation of frequencies” in 1934; while this
of length-biased sampling was introduced by Cox 1962 (see Patill 2002). These two
concepts find various applications in biomedical area such as family history and disease,
survival and intermediate events and latency period of AIDS due to blood transfusion
(Gupta and Akman 1995). The study of human families and wildlife populations was the
subject of an article developed by Patill and Rao (1978). Patill, et al. (1986) presented a
list of the most common forms of the weight function useful in scientific and statistical
literature as well as some basic theorems for weighted distributions and size-biased; as

special case they arrived at the conclusion that the length-biased version of some mixture



of discrete distributions arises as a mixture of the length-biased version of these
distributions. Gupta and Tripathi (1990) studied the error made if an ordinary distribution
is used instead of the length-biased version, this error was named as type III error or
modeling error by Rao (Gupta and Tripathi (1990)). They derived a general form for this
error when the random variable under study follows a wide class of discrete distributions
known as modified power series distribution. The results were applied to study the family
history and diseases using the Poisson and the generalized Poisson distributions. Gupta
and Tripathi (1996) studied the weighted version of the bivariate three-parameter
logarithmic series distribution, which has applications in many fields such as: ecology,
social and behavioral sciences and species abundance studies. They first derived the
weighted version of this distribution and gave an explicit form for the probability mass
function and the probability generating function in the length-biased case.

Much work was done to characterize relationships between original distributions
and their length biased versions. A table for some basic distributions and their length
biased forms is given by Patill and Rao (1978) such as Lognormal, Gamma, Pareto, Beta
distribution. Khatree (1989) presented a useful result by giving a relationship between
the original random variable X and its length-biased version Y, when X is either Inverse
Gaussian or Gamma distribution. He showed that the length-biased random variable Y
can be written as a linear combination of the original random variable X and a chi-square
random variable Z and inversely the original random variable can be characterized
through this relationship. Relationships in the context of reliability were treated by
several authors such as Patill et al. (1986), Jain et al. (1989), Gupta and Kirmani (1990)
and recently by Oulyed and George (2002); In these works the survival function, the
failure rate, and the mean residual life function of the length-biased distribution were
expressed in relation with these of the original distribution.

Weibull distribution plays an important role in life testing and reliability studies.
It was introduced by the Swedish scientist Wallodi Weibull in 1951 (Kapur and Saxena
2001). If X is a random variable having the Weibull distribution, its pdf takes the form:

g(x)=0Bx""expOx”) x>0, 5>0,6>0 (1-1)



Where: [ is the shape parameter and 0 scale parameter. The Weibull distribution is very

flexible and this is due to its ability in modeling both increasing (£ > 1) and decreasing

(p <1) failure rates. The Weibull distribution has the following rth moment:
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In this pa per the length-biased version of the weibulll distribution is considered
which has many applications in forestry and life testing. Let T be a non negative random
variable, T is said to have the Weibull length-biased distribution — it will be abbreviated
as WLB — if its density function is given by:

B8’ ltﬂew £>0,6,8>0 (1-3)
r(E)

The density (1-3) can be obtained by combining the definition of the length- biased

distribution given by:

:tg(t) 1-4
f(@) E() (1-4)

and the density of the original distribution (1-1). This distribution can be explained as
follows: Suppose that the lifetimes of a given sample of items is Weibull and that the
items doesn’t have the same chance of being selected but each one is selected according
to its length or life length then the resulting distribution is not Weibull but Weibull
length-biased.

It can be noted that (1-3) is a generalized gamma as defined by Stacy (1962) with

1
parameters B,n =0 7,k = %+ 1.The WLB distribution includes the gamma

distribution (B=1) as special case. The reliability function of the WLB distribution is

given by:
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The numerator represents the incomplete gamma function defined as:
;/(a,x)zJ.t‘He*’ dt (1-6)
0

The rth moment associated with (1-3) is:
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The same result can be obtained by using the moments of the original distribution
(Weibull) via the following relationship:

M [ I S :E(X”') 1-8
E(T") !z f(t)at E(X).‘([t g(t)dt 5O (1-8)

The rest of the paper is organized as follows: the shape of the WLB distribution and its
hazard rate function are studied in sections two and three respectively. Bayesian and non
Bayesian estimation problems are considered in section four. A numerical example is
given in section five to illustrate the above methods.

2- THE SHAPE:

The shape of the density function given in (1-3) can be clarified by studying this
function defined over the positive real line [0, o] and the behavior of its derivative as
follows:

2-1- Limits and derivatives of the function

We have:
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If we put z =6t p , the above limit can be rewritten as:
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but : lim zexp(—z) = 0, from this follows that
}im f(@®)=0 (2-2)

Secondly we study the derivative, since the function f(t) and its logarithm are maximized
at the same point and in order to simplify calculations we will take the derivative of the
logarithm of the function f(t) given by

In(f(t))=2In B+ Blnt— Ot — 1nr(;) + (; +1)Ino (2-3)

Taking the derivative of this function with respect to t yields:

0 1
a—tln( f@)=p (?— g1’
Equating this derivative to zero gives:
t, =0, _ﬂIT (2-4)
Then the derivative is equal zero at ty, negative for values of t that exceed ty and positive

otherwise. To verify if the point (6p , Bg) is a maximum or minimum, the second

derivative of f(t) with respect to t is derived which is equal to:

il __F A 2-5
S () == 5+ 0(f-D1") (2-5)
This quantity is negative for all values of t. From the above results the function f (t)
increases it takes its maximum at t, then it decreases again. The following figure
illustrates some of the possible shapes of the density f(t) for specified values of . The
scale parameter 0 was taken to be unity since it doesn’t influence the shape of this

function.



Figure 1: The density function of the WLB distribution
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The shape of the distribution can be studied in more details using the following two

coefficients.

2-2- Coefficient of skewness:

Denote it by Sk, the coefficient of skewness enables us to know if the distribution

under study is symmetric or not, it is defined by:
sk = £ (2-6)

o
Where: s is the third moment about the mean and o is the standard deviation of the

distribution. The skewness is zero for symmetrical distributions, positive for skewed right
distributions, and negative if the distribution is skewed to the left (Frank and Althoen,
1994) this means that the sign of the coefficient indicates the direction of the skew. From
equation (2-1) for r=1, 2, 3 and equation (2-3). Replacing them in equation (3-6) gives:
3.2 1 L2
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It can be noted from (3-7) that the coefficient of skewness of the WLB distribution

doesn’t depend on the scale parameter 0, and it is function of the shape parameter § only
then we can write it as Sk(f). Numerical investigation of Sk(f) indicates that the WLB

distribution is symmetric for =3.448 -at this point the mean is equal to the median -,
positively skewed with a tail to the right for values ($<3.448), and negatively skewed
with a tail to the left for (>3.448). In practice more attention is given to the first case
(i.e. for p<3.448).

2-3- Coefficient of kurtosis:

Denote it by Kur , the coefficient of kurtosis measures the flatness of the top and
it is defined by:

Kur = 'u—‘; - (2-8)
o

The kurtosis is equal zero for the normal distribution, positive for the more tall and slim
curves than the normal one in the neighborhood of the mode, in this case the distribution
is said to be leptokurtic. It is negative for platykurtic distributions (i.e. flatter than the
normal distribution). Using the moments from (2-1) and the variance from (2-3) the
coefficient of kurtosis for the WLBD is given by:
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Kur is also a function on the parameter § only and it can be written as Kur=Kur(f5) , the

Kurtosis is positive for values of the shape parameter that are ( < 2.164 or B > 5.455)
then the WLB distribution’s curve is leptokurtic (thin), it is platycurtic for (2.164 < 3 <
5.455) since the coefficient is negative for this case. It is near zero in the neighborhood of
each of the two points.



3-HAZARD RATE FUNCTION

The hazard rate function is defined by the ratio ( f@/Q-F (t))) , it takes the form:

B0 the” (3-1)
1 1

I(—)—Br(—+1,0¢"

( ﬂ) B 5 )]

(1) = [
In order to study the behavior of this hazard rate we apply results of Glaser (1980) given
in the form of lemma (3-1).
Lemma (3-1):
Let T be a continuous random variable with twice differentiable density
S @
t

function f (). Define the quantity n(t) =- W where f'(¢) denote the first derivative

of the density function with respect to t. suppose that the first derivative of 7(¢) -named

n'(¢) - exists. Glaser gave the following results (for more details see Glaser (1980)).

1-If n'(¢) < 0, for all t>0, then the hazard rate is monotonically decreasing failure rate
(DFR).

2-If 77/(¢) > 0, for all t>0, then the hazard rate is monotonically increasing failure rate
(IFR).

3- If there exists to, such that 77/(¢) >0 for all (0 <t <ty); 77(¢,) =0 and 7'(¢) < 0 for
all (t>to). In addition to that lgr& f(¢) = 0; then the hazard rate is upside down

bathtub shaped (UBT).
4- If there exists to, such that 7'() <0 for all 0<t<t;77(¢,) =0 and 77'(£) > Ofor
all t>ty. Adding to that lirrol f(¢) = .1t consequences that the hazard rate is

bathtub shaped (BT).
For WLB distribution we begin by computing the quantity 7(¢); by first taking the

derivative of the density function given in (1-3) with respect to t which is given by:

' of,(t
£ 0="29-L ra-or (3-2)
Dividing both sides of the equation (3-2) by the measure (— f(¢)) we obtain:
n(t) = ﬁ(a;ﬂ - 1), taking its derivative with respect to t yields:

t

B

() = [7(1+(ﬂ—1)9t'5) (3-3)

According to the values of the shape parameter 3:



1- For g <1, it is easily seen that the third part of the lemma follows; where t; is

solution of 5'(1,)=0= 1, =(6(1- ﬂ))%. It results that the hazard rate is UBT
shaped.

2 For f=1,7'() =
t

results from the lemma (4-1) that /(¢) is IFR, in this case also the WLBD reduces

, which is strictly positive function for all values of t. It

to gamma distribution with parameter (% :,1H+1 =2) with an increasing hazard

rate.

3- For f>1,7'(t) >0 for all t, then the hazard rate is monotonically increasing (IFR);
this agrees with the theorem given in Gupta and Kirmani (1990) which indicated
that the length-biased version preserves the IFR property of the original random
variable.

These results can be summarized through the following theorem:
Theorem (3-1):

let T be a non negative random variable having the Weibull length-biased
distribution; then its hazard rate A(¢) is IFR for values of the shape parameter that are

greater or equal one ( >1), and UBT otherwise —it means for (0 < <1).

The shapes of the hazard rate of the WLB distribution for special values of the
shape parameter  are illustrated in figure (2), the scale parameter 6 was taken to be the

unity since it doesn’t influence the shape of the hazard rat



Figure 2: The Hazard rate of the WLB distribution for given values of 3
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4-ESTIMATION

In this section estimates of the two parameters of the WLB distribution and the
reliability function are obtained by the method of moment, maximum likelihood method,

and Bayesian and approximate Bayesian method -using Lindley’s expansion- assuming

independent non-informative prior for each parameter.

4-1- Moment estimates

This method follows by equating the population moments from (1-7) to the sample

moments this yields the following system of two equations:

2
22
I, B (4-1-a)
e @it
ﬂ*
(4-1-b)

3
3T
1 = s
g, 1
@) T(—)
B
Solving this system will yield @°, 8" the moment’s estimates of  and P respectively.
These estimates are generally used as initial values for the maximum likelihood method
when no closed form exists for the MLE and the normal equations needs to be solved

iteratively. Replacing these estimates in the formula of the reliability (1-5) yields:

10
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This estimate can be called the moment estimate of the reliability function.

4-2- Maximum likelihood estimates (MLE):

Suppose that a sample was drawn from (1-3), then the logarithm of the likelihood
is given by:

l:2nln,8+ﬂzn:1n(t[)—6’zn:(ti)ﬂ +n(;+1)1n0—n1n(r(;)) (4-3)

Differentiating (4-3) with respect to 6 and B in turns and equating the derivatives to zero,

we get the following normal equations:

. n(LA+1)
Yl Lo (4-4-a)
2n < A 3 n 1 A
—+ > In(t)-0> In(t)(t’)+—| ¥(=)-1nb |=0 (4-4-b)
i ;n(,) ;n(,)(,) ﬁz[ (ﬂ) n]

Where the Psi-function W(a) is defined as the derivative of the logarithm of the gamma

function with respect to a. (see the Handbook of Mathematical Functions 1970, page
259)

0 I'(a
(@) = (T (@) = - 2

I'(a)’

a>0 (4—5)

The Psi-function is known as digamma function which can be approximated by:

1 1 1 1
Y(a)~In(a) ——— + —
(a) ~In(a) 2a 124* 120a*  2524°

+ oo (4-6)

A

The system (4-4-a), (4-4-b) can be reduced to only one equation by extracting & from

the first equation:

1
n (T'F 1)
g-_B (4-7)

Z (/)

And replace it in the second one i.e. equation (4-4-b), we obtain:

11



(4-8)
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This nonlinear equation doesn’t seem to have a closed form solution and must be solved

1 . j
" +1>(21n<t,~>(r,~ )j ¥

n . 1 l
l( lll -1 —-In(=+1D)+%¥Y(=)|=0
7 (n ; ) —In(n) n(ﬁ ) (ﬁ)]

2n <
—+ ) In(t,) -
pre

iteratively to obtain the estimate of the shape parameter which will be replaced in (4-7) to
get the MLE of the scale parameter 6. Or the system of the two equations can be solved
simultaneously. The asymptotic expected variance-covariance matrix of the estimates can
be obtained by inverting the information matrix (see the Appendix) with elements that are
negatives of the expected values of the second derivatives of the likelihood function with

respect to the parameters 6 and f:

oy n(;+l)
I =E(- = 4-9-a
11 ( 802) 02 ( )
_ T 521 _ n l ﬂ(ﬂ-ﬁ- 2) _ 4—9—b
1,=1, =E( aeap’) ﬂZQ{(ﬂ+l)(\P(ﬂ)+ T ln(H)J+1} ( )

o 0L 2 BB o), L

I, = E( 6ﬂ2>—ﬂ2+ﬂ3{(/3+1{[wﬁ>+ G ln(a)] +§(2,ﬂ+1)}
Wy 1

+ ﬁﬂ —21n(6)+2‘P(ﬁ)} (4-9-¢)

Where W¥'(.) is the derivative of the digamma function, it can be approximated by taking

the derivative of (4-6), and &(z,a) 1S Rieman’s zeta function (see Gradshteyn and

Ryzhik (1965), pages:1072-1073) it is defined by:

0

_ 1 frlexp(=at) , ! 10
¢(z,a) F(Z)J; 1—exp(—t) “ ;(aﬂ')z o

By replacing z and a by their values or formula we get:

: " texp(—t(;+l)) . ) @-11)
2,—+1) = dt = - - -
I A e el ;(lﬂ-ﬂ)z

Then the variance-covariance matrix of the estimates of the parameters can be obtained

by inverting the information matrix as follows:

12



(4-12)

Var (0) Cov (8, p)
Cov(8,p) Var(p)

-1
L, I
Var (9,[3):{[” I”} {
21 22

An observed variance-covariance matrix can be obtained also by replacing the MLE in
the information matrix and inverting it without taking expectations.

4-2-1- Special cases:

If one of the two parameters is known we have the following results:
1- If the shape parameter B is known, the MLE of the scale parameter 0 is given by:

1
n(—+1)
b-_F (4-13-a)

>t
i=1

With variance

Var(0) =ng2—+ﬁﬂ) (4-13-b)

2- If the scale parameter 0 is known the MLE of the shape parameter can be obtained by
solving equation (4-4-b) after replacing 0 by 0 and its variance is obtained by inverting

(4-9-c) and replacingé by 6 too.

5-2-2- Maximum likelihood estimate of the reliability function

The reliability function can be regarded as a parameter and it needs to be estimated.
Using the invariance property of the maximum likelihood method, the MLE R of the
reliability R can be obtained by replacing 6 and ,5’ , the maximum likelihood estimates of

6 and f in the formula (1-5) it is given by

By 41,607
R=R()=1- 1 (4-14)
')

B

Using Taylor expansion of order one about the parameter estimates of R we can write:

A OR ~ OR »
R=R+ 2500+ 2 (= p)

13



By taking the expectation of the above formula and from the properties of the MLE, it

results that R is asymptotically unbiased estimate of R with variance:

OR OR
V(R) = () V(6) + (=) V(B) +2——COV (6 4-15
()()()(ﬂ)(ﬁ) 30 55 @.5) (4-15)
Where the variances and covariances of the maximum likelihood estimates of the

parameters were given in the matrix (4-12).

4-3- Bayes estimates:

Suppose that a little information is available about the parameters, and then the
appropriate prior for this case assuming independence is:

7(6,B) ﬁ (4-16)

oc: being the sign of proportionality. Using Bayes theorem which combines the
likelihood function with the prior given in (4-16), we obtain the following joint posterior:
1
ont n(;ﬂ)l
7(0,p/T) % p{ QZzﬁ +ﬁZln(t )} (4-17)
') !
B
Using a squared error loss function the Bayes estimates of any function of parameters is
its posterior expectation given by:

[utmz(n/t)dn
Eun)/t) =2 [rrindn (4-18)

Where 1 is a parameter which is in this case 77 = (ﬁ,@) or it is equal to one of the two

parameters if the other one is known, and Q is the parameter space. When the analytical
method is not attractable we refer to numerical integration to obtain the Bayes estimates.

4-3-1- Bayes estimate of the scale parameter 0:

Putting u(n) =u(f,0) =6 in (4-18) and using the posterior in (4-17) we get the Bayes
estimate of the scale parameter by a ratio of two integrals this means:
j j Ox(0,B/T)dBdoO
=E@/T)= =2 (4-19-a)
j j (6, /T)dBdo G

Where C; is the normalizing constant; it is given by:

14
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[ : " 4-19-b
C1:I1eXp[,BZln(tl)—n(l+1)1n(zti/f)Jdﬂ ( )
0 r— i=l B i=l
s
And
B n(l +1)+ 1) ) )
G= f /i exp 5 Inz, —(n(i +1) +1)1n(2zf)jdﬂ (4-19-c)
0 I—W(E) i=1 s i1

The variance of the Bayes estimate of scale parameter 6 can be obtained by applying the
following formula:

2

Van@) = E(&* IT)—E*6/T) =C3—[C2J (5-19-d)
G \G

The second posterior moment can be obtained by setting u(77) = u(f,0) = @in (4-18) and

using the posterior in (4-17) this yield:

ﬁez 7(6,B/T)dBdO
E@0°/T) =47 == (4-19-¢)

j Jﬂ(@, BIT)dBdO G

. ﬂ2n—1 F[}’l(l + 1) + 2) . )
G = j ﬁl exp(ﬁz Int, — (n(; +1)+2)In} ] tl_ﬁ)J dp (4-19-1)
[
B

No closed form solutions have been found for the integrals in (4-19-b), (4-19-c) and (4-
19-f) when both parameters are unknown and numerical integration is necessary to
evaluate them. If we suppose that the shape parameter 3 is known the integrals in (4-19-a)
and (4-19-b) will admit closed form solutions, the Bayes estimate of the scale parameter

and its variance are identical to those of the maximum likelihood method given by (4-13-
a), (4-13-b).

4-3-2- The shape parameter B:

Setting u(n7) = u(f,6) = B in (4-18) and using the posterior in (4-17) we get the
Bayes estimate of the shape parameter by a ratio of two integrals this means:

S e 8

T B(6,B/T)d0dp
J=E(B/T)="22 _G (4-20-2)
[[=©.p/T)dodp G

The denominator C; was given by equation (4-19-b) given in and the numerator is given
by:

S8
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£ F[n(l + 1))

¢ exp[ﬁzlmi LI m(ztf)] a5 (4-20-b)
0 l—m (7) i=1 ﬂ i=1
Vit
And
j j B’ 7(0,B/T)dOdS
E(B*IT) =L = (4-20-c)

[[=0.p11)d0dp G

TGO ) S
G = J; . (i) exp(ﬂ;hl t,—n (E +1) ln(; t,,ﬂ)jdﬂ (4-20-d)

B

The variance of the Bayes estimate of the shape parameter f3 is then given by:

VarB) = EFIT) - EX(BIT) :g—[gJ (4-20-¢)

When the scale parameter 0 is known, the integrals in (4-19-b), (4-20-b), (4-20-d) don’t
have a closed form expression and will reduce to:

n (i-%—l)

G =] #exp{— 031/ + /S’anln(ti)}dﬁ (4-21-a)
o I (7) i=1 i=1
B
. Zan%H) . )
C,= j ﬂ—l exp{— 6> 1/ + B> Ing, )}dﬁ (4-21-b)
oI (7) i=l i=1
B
o0 2n+10n (%-H) n n
C, = j ﬂ—lexp{— 0>t/ + ,BZln(ti)}dﬂ (4-21-c)
0 FH(E) i=1 i=1

Then in both cases (0 known or unknown) numerical integration is necessary to evaluate
these integrals.

4-3-3- The reliability function:

Putting u(n) = u(f,60) = R(¢) in (4-18) and using the posterior in (4-17) we get
the Bayes estimate of the shape parameter by a ratio of two integrals this means:

16
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TR(t);r(@,/?/T)deﬁ
R(t) = E(R(t)/T) = L = F6 (4-22-a)
j 7(0,B/T)d60dp !

oS t—38

With:

i=1

F(i) - ﬂy(; +1, Htﬂ)j Bn(?l)il exp(— Hi t? + /32”: ln(t,.)J

wwﬂan(

B

=l BTN
( %J

And its variance can be obtained from:

dodp (4-22-b)

Var (R)=E(R*/T)—E*(R/T) (4-22-c)

TTRZ(t)ﬁ(Q,ﬂ/T)de,B :
Where: E(Rz(t)/T) — 00 — — F7 (4-22-d)
j j 7(0,B/T)dOdp !

rcy- ﬂy(; L1008 )j g7

wwﬂZﬂ—l[

B

&=l IR
( %J

No closed form solutions exist for the integrals in (4-22-a) and (4-22-b) even if one of the
two parameters is known, these integrals can be computed via numerical integration.

eXp[— Hzn:tf’ + ﬂiln(ti)jdéb’ﬁ (4-22-e)

4-4- Approximate Bayes estimates:

When the integrals occurring in Bayesian analysis don’t admit closed form
solution we refer to numerical integration to find a solution as it was suggested in the
precedent section. Lindley (1980) gave an alternative method to approximate the integrals
that occur in Bayesian statistics. The form of ratio of integrals considered by Lindley
(1980) is as given bellow:

[w(n) exp(1(n)) dn

(4-23)
[v(n) exp(i(n)) dn

Where:n = (n,,n,,---,n,)1s the parameter, /() 1s the logarithm of the likelihood
function and w(.), v(.) are arbitrary functions of n. Let v(77) = z(77) the prior density of
the parameter , w(n7) =u(n)7(n) and p(n) = In(x(n)), the ratio in (4-25) will be the
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posterior expectation of the function u(7) under squared error loss function and we

write:

Jutn) exp( 1)+ p(1)) d7y (4-24)
[ expCiGry+ p(n))

E(u(n)/t)=

This ratio is equivalent to the ratio given in (4-18); The basic idea to evaluate it is to
expand on Taylor series the functions involved in it about the maximum likelihood 7 of

1, this lead to the following formula, where the first term omitted is O(n ™) :

1 1
E(u(n)/t) ~ut EZ (ul] + 2“!'/0/')01'/ + Ezlijk U, 6; Oy (4'25)
iJ

i,j.k

Where each suffix denotes differentiation once with respect to the variable having that
suffix; this means:

__ ol Qul) o _ouGp) - 2p0n)
on,0n,0m, " omon, " on, T On
of the variance covariance-matrix with elements that are the inverse of negatives of the
second derivatives of the log likelihood with respect to the parameters. All the quantities
in (4-25) are to be evaluated at the MLE of 0 and the summation run over all suffixes
from one to m (the dimensionality of 0). Lindley (1980) gave the one—parameter and two-

parameter version of (4-25) as follows:

" ,etc. o 1s the (i,)) element

For the one- parameter case:

1 1
E((n)/t) ~u(n) +E(u2 +2u,p,)0” + El3u10'4 (4-26-a)
Where:
ou 0°u 0 0°1 _ 0’1l
u1=ﬂau :#’ 1:_p312:_2a02=(_12)1al3: 3
on on on on

And for the two-parameter case:

1 1 1 1
E(u(n)/t) ~ u+5(”11 +2u, p )0_11 +§(u12 +2u, p2)o-12 +5(”21 +2u, ,01)0'21 +5(”22 +2u, pz)o_zz

1
2 2
+—1 (”1 O, tU,0,0, )+ 5121 (3 u o, 0, +tu,(o,0, +2 012))

+

N | — o=

1
112<“1 (0,05, +2 07) +3u, 0, 0-22)"‘ 5103 (”1 01, Oy Ty 0-222) (4-26-b)

All the quantities in (4-26-a) and (4-26-b) are to be evaluated at the MLE of the
parameter 1. All the needed results to get the approximate Bayes estimates are given in
the appendix.

18



4-4-1- The scale parameter

Putting u(n) =u(6,$)=0 in (4-24) we get the Bayes estimate of the scale

parameter. Taking the derivatives of the function u(n) which respect to each parameter in
turn yield: u, =1, u, =u,, =u, =u,, =0. Replacing these derivatives with the above

results evaluated at the MLE of the parameters in (4-26-b) gives:

~0+A0 (4-27-a)

>

By the same way we put u(77) = u(6,) = 0’ (which has derivativesu, =260, u, =2,
u, =u, =1u,, =0)to get its posterior second moment.

E@*/t) ~ 6* + A (4-27-b)

If we suppose that the shape parameter 3 is known, the approximate Bayes estimate of the
scale parameter and its variance are given by:

§-5-6-"PFD (4-27-a)
Byt
Var(@) = Var(@) = Var(@) = % (4-27-b)

This means that the MLE, the Bayes and approximate Bayes estimates are identical and
have the same variance.

4-4-2- The shape parameter

Setting u(77) =u(6,8) = f (which has derivatives u, =1, v, =u,, =u,, =u,, =0) in (4-
24) gives the Bayes estimate of the shape parameter. Using the derivatives of the
function u(n) and the results given in the appendix. Replacing them in (4-26-b) gives:

B~p+Ap (4-28-a)

and we put also u(n) = B in order to obtain the variance, the derivatives of the function

"u" in this case are: u, =28, u,, =2, u, =u,, =u,, = 0. This gives:

E(B* 1) = B>+ A (4-28-b)

If we suppose that the scale parameter 6 is known we get:
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Ap - 1(0 AN (c MEJ(D AJ 2 (4-28-0)
2 B’ B B B

AR =| D "AAJ] [AC "ABJ[D ”AAJ]—l (4-28-d)
g [ FITENR
With:
1 1

| \Pr(? V() ‘11'(;) P o
A==22In0+2¥(2)+—L—, B=—L-+6—L-—6m0, C=—-0) (1))t

BB B i

21’1 ! 2B
D= 7 +60 (In(t,))t! (4-28-¢)

4-4-3- The reliability function:

To find the estimate of the reliability function we set u(n) = u(f,0) = R(¢) in (4-24) (the
derivatives of the reliability function are given in the appendix such thatu, = R, u, = R, ,
u, =R, u, =u, =R,, u,, = R,,) this yield:

R(6) ~ R(t) + ARG (4-29-2)

To get the second posterior moment of the reliability function we put
u(n) = u(B,0) = R*(¢) the first and the second derivatives of this function are: u, =2RR,,

w=2RR, u,, = 2(R R,R), u, =u,, = 2(R,R, + R,R) and u,, = 2(R3+ R,,R) we get:

ER*(t)/t) = R*(¢) + AR*(¢) (4-29-b)

- If we suppose that the shape parameter is known we get:

AR(t) = &(W - LJ (4-29-c)
2n(f +1) Y.
(1) =L (@ ¥ (ézﬁ ¥ i}é(z)] (4-29-d)
n(B+H\ B p

Where f (¢) is the WLB density evaluated at the MLE of the unknown parameters.

- If the scale parameter is assumed to be known we get
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Aie(t)zl(m”if] Rtk [cng)(mnﬁ} 2 (4-29-¢)

AN p F) B

AR*(t) :(D + nfj] R2+ R Ry, + R, (C+ nf](D + rfAJ 2 (4-29-f)
B B Vi B

S-NUMERICAL EXAMPLE

To illustrate the above formulas and methods the following data were taken from
Gupta and Akman (1998), they represent million of revolutions to failure for 23 ball

bearings in fatigue test:
17.880  28.920  33.000 41.520 42.120  45.600 48.480  51.840

51.960 54.120 55.560  67.800 68.640 68.640 68.880  84.120
93.120  98.640 105.120 105.840 127.920 128.040 173.400

These data have been previously fitted assuming Weibull, lognormal, Inverse Gaussian
and length-biased inverse Gaussian. The Kolmogorov-Smirnov test doesn’t reject that
this data come from a WLB distributon. Some properties of the sample were computed
such as the mean7 = 72.224, the variance V(T)=1.344x10°, the Skewneess Sk =1.008,
and kurtosis Kur = 0.926 ; from the values of these two last coefficients the distribution
of this data is positive skewed right and leptokurtic. The parameters of the sample were
estimated numerically since there was no closed form for them (except when [ is known),
the system (4-1-a) and (4-1-b) was solved numerically and yields the moment estimates
S =1.562and 8 =1.847x107, which were used as initial values for the normal
equations in (4-4-a) and (4-4-b) to obtain the maximum likelihood estimates. Bayes and
approximate Bayes estimates were also obtained and the results are given in the

following table:
Table 1

MLE, Bayes and approximate Bayes estimates of the parameters and their variances.

Estimates

Parameters MLE BE* ABE'
1.768%107 2.037x107 3.443x107
! (6.741x10°) (2.652x10°°) (3.937x10)
1.571 1.471 1.596
P (0.093) (8.697x107%) (0.093)
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* (.): Indicates the variance, ;: MLE: maximum likelihood estimates 2:BE: Bayesian estimates, 3: ABE:
Approximate Bayes estimate.

We observe that the estimates of the shape and the scale parameters are close and the
Bayes one have the smallest variance for the two parameters.
The reliability function was evaluated for certain values of time by both classical and
Bayesian methods, the results are given in table 2 below:

Table 2

Moment, MLE, Bayes and approximate Bayes estimates of the reliability function with

variances
Estimates ~
R'(1) R(t) R0 RO
] (Approximate
(moment estimate) (MLE) (Bayes estimate)
Time t Bayes estimate)

10 0.992 0.992 0.976 0.990

- (2.487(-4))* (1.976 (-3)) (3.246(-5))
s 0.979 0.979 0.949 0.974

- (1.834(-3)) (8.534(-3)) (1.812(-4))
20 0.951 0.958 0.914 0.952

- (7.171(-3)) 0.018 (5.336(-4))
0.694 0.695 0.649 0.693

%0 - (0.253) (0.082)) (6.224(-3))
0.370 0.370 0.405 0.380

50 - (0.502) (0.089) (6.464(-3))
100 0.210 0.209 0.283 0.223

- (0.384) (0.072) (4.443(-3))
- 0.012 0.011 0.065 0.019

- (8.534(-3)) (0.016) (1.185(-4))

#2 487(-4) = 2.487x10™,
From table (2) we observe that R*(t),lé(t) and INQ(t) are indistinguishable, while ﬁ(t)

presents a slight difference. The approximate method gives the smallest variances for all

values of "t".
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APPENDIX

The following results are useful to compute the approximate Bayes estimates

A-1- The derivatives of the log likelihood function:

The log likelihood function of the WLB distribution was given in equation (4-3) in

section four. The second derivatives of this function evaluated at the MLE are given by:

oy n(;+1)
_Z —_ ﬁ'
=g ¢ hi= 898ﬂ le nee);
1
L i(ln(t)f(zﬁ)—i —21n(9)+2\}f(1)+lp(ﬂ) (A-1)
Pop g B BB

Taking the negatives of these quantities will give the observed information matrix which
will be inverted to find the observed variance-covariance matrix with elements:

A A -1
V= _130 _{11 _ [0-11 0'12} (A-2)
=1, =1, 0y Op
The third derivatives of the log likelihood function evaluated at the MLE’s are given by:
1
(—+D
3 3 3
L Y R B—CL Y (i, V1 L
06 0 000p° 9,3 i1 ogop po
V() 6¥(-
ol 4n ,B) ﬁ)
L= =203 (In€)) ¥ +— +6¥(=)—61nd (A-3)
o=ag = g | o

A-2- The derivatives of the logarithm of the prior function:

The logarithm of the prior density is given by:
p0,p5) =In(z(0,5)) =-Inf-Inj

Differentiating this function with respect to each parameter in turn we get:
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_0p6.p) _ 1

op(0, 1

= A L L (A-4)
00 0 op yij
A-3- The derivatives of the reliability function:

By differentiating the reliability function given in (1-5) we get with respect to 0
and f in turn we get:

A-3-1- The first derivatives:

_OR _ B0 exp(-01") _ 1£(1)

e % B r(i) po
B
1
oR _ [ tIn(r) I Y
Ry =>7= —( Jf(t)+ - f} +—|[1-R) (A-5)
op B ,BF(L) it B
it
A-3-1-The second derivatives:
1= % = —m(—tﬂ +L)
po 36
z %)
o= OB O i) -0 B L
000p po B B B

2 (211\11(1)—12J
op B B B AT
B

2

1 1

La-k) Y (A-6)
B’ B’ B
Where:
o1° L o1? 1
I, = I In(x)x”e "dx , I, = .[(ln(x))zxﬁe‘xdx
0 0
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