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Abstract

In this paper, generalized quasi-likelihood estimation for a semi-parametric
model with a dependent structure is developed incorporating knowledge of skewness
and kurtosis. This is a generalization of a similar idea proposed for independent
observations by Godambe and Thompson (1989). The generalized quasi-score
function is constructed on the basis of non-orthogonal estimating function invoking
the method of Durairajan (1992).
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1. Introduction

In this paper, we discuss a class of statistical models called generalized linear
models that is a natural generalization of classical linear models. Generalized linear
models are widely used as a standard tool in modern regression analysis. Successful
modeling based on generalized linear models relies on correctly specified model
components including the random part and the systematic part. In a classical
generalized linear model, the random part requires specification of a distribution from
the exponential family. This distribution assumption can be relaxed through the
specification of a variance function by Wedderburn's (1974) quasi-likelihood
approach. The systematic part of the model includes a linear predictor and a link
function. The linear predictor typically is a single index, i.e. a linear combination of
the predictors. A single index provides a dimension reduction step. The value of the
single index is related to the mean through the link function. Correct specification of
link and variance functions are key ingredients for successful statistical modeling of a
generalized linear model with quasi-likelihood, in the simple situation where a single
linear predictor is indeed sufficient for modeling the relationship between covariates
and means. We note that consistency of the regression parameter estimates depends
on a correctly specified link function, while efficiency depends on a correctly
variance function, the importance of choosing a correct link function. However, the
price of misspecifying the variance function is not only loss of efficiency of the
regression parameter estimates but also incorrect confidence regions and test results.

Within the framework of stochastic processes, Godambe (1985) established
the optimality of certain estimating functions that are linear combinations of
orthogonal estimating functions and showed that these optimal estimating equations
are extensions of the quasi-likelihood equation for independent observations
developed by Wedderburn (1974). Thus, the theory of estimating function, in addition
to providing satiating equations has led to its extensions. The concept and technique
of quasi-likelihood estimation for independent observations have been extended by
Godambe and Thompson (1989) by incorporating possible knowledge of the
skewness, kurtosis and higher moments of the underlying distribution and the
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extended quasi-score function has been developed by these authors. The generality of
the extended quasi-likelihood estimation of Godambe and Thompson (1989) is
derived from the theory of orthogonal estimating functions due to Godambe (1985).
Durairajan (1992) considered non-orthogonal 'basis' of estimating functions and
obtained a closed form for the optimal estimating function among those spanned by
such a basis. In this paper, the approach of Durairajan is employed to develop
generalized quasi-likelihood estimation for a semi-parametric model with dependent
observations incorporating knowledge of skewness and kurtosis. William and
Durairajan (1999) have developed the quasi-likelihood estimation for a semi-
parametric model with a dependent structure by incorporating knowledge of skewness
and kurtosis. This is a generalization of a similar idea proposed for independent
observations by Godambe and Thompson (1989). The generalized quasi-score
function is constructed on the basis of non-orthogonal estimating functions invoking
the method of Durairajan (1992). The modeling issue is to identify the way in which
the variance increases with the mean. In practice it is sometimes the case, that the
relationship between the variance and the mean is (approximately), McCullagh and
Nelder, 1989, it is often possible to characterize the first two moments of the response
variable with unknown distribution of the form:

E(Yi )= 2 (ﬂ)
var(y,)=var(g,)=¢E(y,)’ , 6=0.1.23
. ¢ is possibly unknown scale parameter or dispersion parameter

. V(-) is the variance has known functional form. The function

- that is, the variance is proportional to a power of the mean. Most common values of
6 are the values 0,1,2,3 which correspond to variance functions associated with

normal, Poisson, gamma, and inverse Gaussian distributions respectively. The Box—
Cox method can be used for investigating whether the variance is of the form in data —
and also for identifying a transformation of data onto a scale where the variance is
approximately constant. However, it is not necessary to work with data with constant
variance provided that the variance function can be identified. A method for doing
this is presented in the following. We calculate the variances and means for each
group in data, i.e. for each combination of sample.

However, it is not necessary to work with data with constant variance
provided that the variance function can be identified. Nevertheless, QL naturally plays
an important role in connection with

."Normal-Like" data where variance (y;)=gV (u)=¢u ( (u)=1)
."Poisson-Like" data where variance (y,)=¢V (1)=gu (V (4)=p)

."Gamma-Like" data where variance (y, )= ¢V (u)=¢ x> , (V ()= 4?)

In section 2, the non-orthogonal estimating function will be introduced. In section 3
the semi-parametric model under consideration is described and the generalized quasi-
score function is derived. Applications of the new theoretical results will be discussed
in section 4.



2. Non-orthogonal and estimating functions.
Let X={x} be an abstract sample space and I ={F} be a class of

distribution function on X . Let #=(6,,A ,6,,A ,6, )l be a vector parameter with real
components defined on I such that{f}=Q. Let further h,,j=1A k,with
arbitrary k , be real function on X x Q such that

E. fh, (x.6(F)X,}=0,F 3, 2.1)
where E_. H Xj} is the expectation under F , conditional on X;, X ; being a specified
partition (or technically a o -field generated by a partition) of X, j=1,A ,k. For
simplicity we use the following notation:

Be (-] X, =g (-}

Note. Our theory does not require that the functionh;, j =LA ,k, satisfying
(2.1) be exhaustive. The choice of specific function h;would be determined by the

underlying statistical problem. This will be clear from the subsequent applications. To
estimate @€ on the basis of an observation xwe consider the class of estimating
functions

©=199=(9,A.9,.A.,9,)

where
k
g,=> h;a, (2.2)
j=1
a,; being some real function on XxQ which is measurable with respect to the

partition X, in (2.1), for j=1,A ,k.And r =1,A ,m. An estimate of & based on the
estimating function g is obtained by solving the estimating equation
g (x,0)=0 for the observed x.
LetS(F) = (o (F)) be non-singular for every F €3 with

o, (F)=E;h(x,6)h,(x,0)], i, i =1A k, (2.3)
where E, () denotesEF{-‘a(Xi qu)}. Also, let H(F)=(h;(F))be a mxk matrix
with

h,(F)=E;(0h,/06,), i=1A k i=1A ,m. (2.4)
Denotingh = (h,,A h, )', the estimating function

g'=HSh (2.5)
is optimal .

Optimality corresponds to the estimating function gthe matrix
J=|Eq (9, 9, ) and matrixH =|E (69,/86, ), r.,r'=LA ,m. Further let J* and
H* be the corresponding matrices for some estimating
functiong” = (gl* A L9 A ,g;). Note that at the moment g"is arbitrary and not to
be identified withg".



Definition 2.1. in the class of estimating functions ¢ given by g, =Zhi a, , the
i=1
estimating function g”is said be optimal at the distribution F €3, if g"egp and if
J-HH )3 (H ) H
is positive semi definite for all g e . Essentially this criterion of optimality has
become standard for the multi-parameters problem, Bhapkar (1972). Now for the
estimating functions h; introduced in Section 2.1 we define orthogonality.

Theorem 2.1. The estimating function g” =(gf A L9, A ,g;) of g; =Y ha; is
i=1

optimal in ¢ atF 3, according to Definition 2.1, provided the functions h;

Theorem 2.2. The estimating function g* of Theorem 2.1 is optimal in g for all
F e 3 provided the functions h;, j=1,A ,k, are mutually orthogonal.

Note. The optimum estimating function g" is defined only up to a constant multiple

3. The generalized quasi-score function

To apply the theory of generalized linear models, we replace the abstract
sample space X={x} byR", Let x=(x,,A,x,) denote the observations from a
process with sample spaceR" and f = {F} be a family of distributions on R" and
0=(6,,A ,0,) be a parameter defined on f . LetX, = o (x,,A ,x_,), i=12,A ,n be
the o -fields on R" with X, being the trivial o -field.

E (%)= {0(F); and E¢. [x — 4 {0(F )i = ¢ (F)V, {0 (F)} (3.1)
for allF €3" 4,,V,, i=LA ,n, and ¢ are specified real function of the indicated
variables, 6=(6,,A ,6,,A ,0,) being as before the vector parameter with real
components defined on 3. The usual setup of generalized linear models (McCullagh
and Nelder, 1983) relates to ours as follows. In (3.1), the 'link' function, that is the
specified dependence of . on a linear combination of ,,A ,6,,, is not assumed or
emphasized. Instead, we assumey, to be any specified function
of 9= (491,/\ 0., ,6’n). Similarly, in contrast with the usual setup in (3.1), we do not
assume the function V, to depend on @ only through z; . The dispersion parameter ¢
in (3.1) is allowed to depend on F , but is functionally independent of &. The case '¢
known' is the case where ¢(F )=, , a known number, for all F € 3. This generality is

introduced for mathematical clarity and extended application, and of course our
results apply directly to the usual setup.. Now in addition to the relationships between
means and variances given by (3.1), further suppose that

3 4
X — U X. — 1.
yu=E— 5 1 and y, =E{— A L _3 (3.2)
Ei[(xi e )ZF Ei[(xi —H )ZF

where y,; andy,,,i=1A ,n, are assumed known and do not depend on X;,A , X ;.



Note that equation (3.1) prescribes that the conditional mean of x, given (x,,A ,X, ;)
depends on the values of x;,A , x;,_,. Apart from @ but the conditional variance of x; .
Does not depend on x;,A , X, ;. Also, equation (3.2) prescribes that the skewness and
kurtosis of the conditional distribution of x, given (x,,A ,x,,) are known constants
not depending on the values of x;,A , x,,. Now, for the above semi-parametric model

we develop a generalized quasi-likelihood estimation and the associated notion of
generalized quasi-score function by considering (a basis of) non-orthogonal
estimating functions using the approach of Durairajan (1992).

If we assume that the series is partly autoregressive and partly moving
average, we obtain a quite general quasi-likelihood estimation technique.

Let x=(x,,A ,x,)denote the observations from a process with sample space

R"and 7 = {F }be a family of distribution on R" and@ = (6,,A ,6,),¢ = (4,...A ,4,)
be a parameter defined onz . LetX, = o{x,,A ,x_,}, i=1LA ,nbe the o-field on R"
with X, being the trivial o -field. Where y,, andy,;, i =1A ,nare assumed known
and do not depend onx;,A ,x_,. Note that equation (3.1) prescribes that the
conditional mean of x, given(x,,A ,x,,). Depends on the values of x,,A ,x, , apart
from & but the conditional variance of x; does not depend onx;,A ,X;;, equation
(3.2) prescribes that the skewness and kurtosis of the conditional distribution of X,
given (x,,A ,x_,) are known constants not depending on the values ofx,,A , X, ,.
Now, for the above semi-parametric model we develop a generalized quasi-likelihood
estimation and the associated notion of generalized quasi-score function by
considering (a basis of) non-orthogonal estimating function using the approach of
Durairajan (1992). We consider the following estimating function:

hy =h; =% —E(x;), h,,=hy; =h?-var(x;), i=LA,n (3.3)
and the o-fieldsX,,i=LA ,n, as defined at the beginning of the section
and X ; =X, j=LA ,n.Fori=1A,n

Ei(hfi)z var=¢V,
where hj, j=1,...,k, be real functions

3
Ei,n+1(h1ih2i)=7/1i (¢ V, )E
and
E . (hnz+i ): (72i + 2)¢2Vi2
fori=j
Eij(hlihli):Eij(hithj):Eij(hZith):o , 0#]

hence,
S,, S
sinj(hihj)z( 1 12J
21 S22
where
3
S,, = Diag(A ,¢V;,A ), S;, =Sy = Diag(A 78V, )z,Aj
and



S,, = Diag(A , (7, +2)6?V% A )

now,
¥ i +2 — Vi 308
Diag[/\ ,#qﬁvﬁ,/\j Diag(/\ D AJ
_ Vai T =73 Vai t _7/1i
5= A X (3.4)
Diag(A ,%gﬁ 2y ZJ Diag(A ,—2¢'2Vi'2,AJ
Vo t2-75 Yo t2-75
and

H =(E;(@h;/26))

O O, _¢avl _¢6Vn
o0, o6, 06, " 06,
H=M M (3.5
_a/uiA_a/un_¢aV1_¢aVn
00, 00, 06, 00,
with some computation, we get the r™ element of g* =H_,, Syh,, hypy = Mx1 as
o' =(0;.05.A ,9;)

n n
0, Zzalj h;; +Za1,j+n h,;
i1 =i
n n
9, zzaZj h;; +za2,j+n h,
=t =

n n
On = Zamj hy; +Zam,j+n h,
i1 1

S EIVETN Opi | 5 Vit ou
J_Zl,¢ Vi (Xj ﬂi)(ag ¢ Z _ > 5p

== {Wl s (X _/”J) —1-yy $? \Us (Xj _”j)} (3.6)

vt -, F e, 60V )
+ ! Ll VX —pu ) =1-y,. ¢ 2V 2({x, —u
;7214‘2_712] 8t9r { i i i 1j i i i

suppose in addition, the dispersion parameter ¢ is to be estimated: Then,
there is an additional row in H which is equal to [0,...,0,-V,,...,V, ]. the last element

of g* = HS *h is then given by
(Xj _1“1)17’11 1o (Xj _/“j)z 3.7)
A evE

gm+1 g¢ ¢_1 Z



!

if#is known, the optimal estimating equations for #=(6,,K ,6,) are given by

equation. (3.6) as g° :(gf,...,g;) =0. If ¢ is unknown, then the estimating
equations which a re jointly optimal for(@,¢) are given by equation. (3.6) and (3.7)
asg” =0,g9, =0. In the literature (Wedderburn, 1974), the first term on the right

hand side of (3.6) is called the derivative of the quasi-likelihood function; we would
call it the quasi-score function. The quasi-likelihood equation is given by 'the quasi-
score function=0'".

4. Application
If we assume that the series is partly autoregressive difference equation, we
obtain a quite general quasi-likelihood estimation technique.

Let {x1 X, } be a process satisfying the autoregressive difference equation
Xp = A X+t AKX FE i=12,..

where (X,,X ;,....X_,,,) are the initial conditions and &, are iid error variables with
E(s,)=0,V(e,)=0c? and with known skewness y, and kurtosis y,.consider the
problem of estimating the regression parameters A4, ,..,4, and the variance o* of the
error variables from the realization x,,..., X, , in the notation of the generalized quasi-
likelihood estimation technique,

k -
E(Xj)z,uj =E(Xj‘X1,..., xj_l)z/llxj_1 +ot A X :Z/Ir X j=L..n.
r=1
r=21..K yy=r. v5=72 var(xj)=¢v (,u)g

V, =V (1) = (0 X, + 2, X, +A + 4 X, ) 0=0.123

ou oV, o
i=xj7r, ’=9(zk:ﬂ,rxjr] (xj_, :

oA

Il
7\
M-

: S

>

T

SN— \—/
e}

Then the generalized quasi-score function of equation (3.6) and (3.7) reduce in this
case to

9 :_; ) 0
¢ (er Xj—rj
r=1

_%Z”I: V1j k - (Xj—r)
(721+2‘712j) [Z’irxj—rj

r=1

(X, =A%, +A +/1kxjk)( )
j-r




(Xj =X A FAX )2 2 (Xj A X A +’1kxi-k)

EDERrD

(xj—/llxj_l+A +/1kxj_k)2 1 71j(xj—/11Xj,1+A +Akxj7k)
) 0 T ) o
¢ (Z/ﬁtr Xj—rJ \/¢ (zﬂ’r Xj—rj
r=1 r=1

g;zzn: 1 (Xj_ﬂ’lxj—1+A+ﬂ‘ka—k)y1j 1 (X,——/11XH+A +/1KXH<)2

=y, +2- 12,' 0 0 K 0
27 (3] oS )

When =0, the generalized quasi-score function of equation (3.6) and (3.7) reduce
in this case to

0 (x; =A%, +A +/1kxjk)(

g: Z_Z & Xj—r)

13 V1 (x. )
. )=r

X -1

¢ Ve

" 1 IV(Xj—ﬂ,lxj71+A +/Ikxj7k)ylj M (xj—/ilxj_l+A +/1kxj_k)2]

(Xj —}lejfl +A +ﬂ“kxj—k )2 _71j (Xj _ﬂlej_l +A +ﬂ’kxj—k )]

9= 2 -
N | 3 ;

but y, =0 the equation (3.6) and (3.7) reduce to

(X, =A%, +A +/1kxjk)(

g, :_; ¢ Xj,r)

L 1 { (xj —AX A A X )2
= 1—
%=1, ) ;




We note that for », =0 and y, =0 in (3.6) and (3.7), the resulting estimating
equationsg” =0and g; =0 are the likelihood equations if x,,..,x,are normally
distributed. It is clear that if in (3.6) the contributions of the terms containing », and
v,, together is significant compared to the remaining terms, the simpler quasi-
likelihood equation will be inefficient for the distributions with those values of », and
7., although it is still unbiased. Further, even if y, =y, =0,the quasi-likelihood
equation can by very inefficient for any variance function V; having large
(6logV; /o8, )

If @=1, then equation (3.6) and (3.7) reduced to

n(xj—/llle+A+/1kxjk)( )
j-r

9/ =2, .
= ¢ [zﬂ‘r Xj—rj
r=1
iy & (x.)
j-r

o (721 +2_7121) (Zk:ﬂr Xj—rj

r=1

(xj — X A+ A X, )2 N (X,— — X +A +/1kxj—k)

X —

¢ [Zﬂ'r Xjrj ¢ (Zk:}“r Xer
+Z”: = )k
= (72j +2_712j)(22’r Xj—rJ

(xj — X, +A +/1kxj_k)2 _71,-(X,- -4 X, +A +/1kX,-,k)

¢ (Zﬂ“r Xjr\] ¢ (Zk:ﬂ’r Xjrj

*—Zn: 1 (xj—/11XH+A +/1kxj7k)ylj +1_(xj—/11xj71+A +/1kxj7k)2
LT, ) c .
¢ [zﬂ'l‘ Xj_rj ¢ Zlﬂ‘r Xj—r
r=1 r=

but y, =0 the equation (3.6) and (3.7) reduce to

N T RIS RS OO S L0
TR ) FalEen)

r=1




(X, = 2%, 4 +A + 2%, ]

-1
k
¢ (Zﬂ’r Xj—rj
r=1
n 1 (xj — A X g AN A X, )2

R (S

When @ =2, then equation (3.6) and (3.7) reduce to

L&A A A )
0, :_; K 2 ( j—r)

¢ [zir Xj—rj
r=1

1 V1j

- X
¢ = , K 2 bi-)
(7’21 +2—71,-) (Zﬂr Xj—rj

r=1

(Xj — A X+ A+ A X, )2 IPERAY (Xj —AX +A +’1kxi*k)

D
3 1 T {z(gax,,]u(x” )J

o (72j +2_712j)[zk‘,/1r Xjr
r=1

(Xj =X FA A4 X, )2 1 711(Xj A X +A +/1ka_;<)
) 2 T ) 2
B )

53 1 (X, = A, 1 +A +A4X, )74, X (X = A A A )
’ 11(721+2_7121){

¢ [iﬂr x,--,] / [Zﬂ“f X“j

but y, =0 the equation (3.6) and (3.7) reduce to

10



n (X, =A%, +A +/1kxj_k)( )
j-r

+i t . {2(21,x”}“(x”)]

(6, = 2%, 4 +A + 2%, F B

¢ (z j“r Xjr]

n 1 [ (xj—/leH+A +/1kxj7k)2

HELTE R
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