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Abstract

Earlier research on Pillai’'s V statistic and Wilks’ generalized correlation ratio
statistic, U, suggest that a combination of these two procedures can be used
to form a more robust test in MANOVA. The present investigation considers
two methods of forming such a composite procedure. One of these procedures
Is shown to provide a robust alternative to existing methods for testing the

full-null hypothesis for small samples while the other is shown to be superior

for medium to large samples.
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A More Robust Procedure for Testing the Null Hypothesis in MANOVA

The multivariate analysis of variance (MANVOA) has often been used in
educational and behavioral research (Barling & Rosenbaum, 1986; Fassinger
& Richie, 1994; Goldman & Harlow, 1993; Midgley, Feldlaufer, & Eccles,
1989;). The fixed-effects MANOVA in the one-way case has p response
variables observed in k treatment groups of n experimental units per group.
The full-null hypothesis asserts that the k population vectors of p means are
equal. Numerous studies have investigated at least six procedures for testing
the null hypothesis in MANOVA (O’'Brien, Parente, & Schmitt, 1982; Olson,
1974; Hsu & Pillai, 1985). Perhaps the most extensive study is that of Olson
(1974). He examined the robustness and power of six MANOVA procedures
(stated below) under three values of k (3, 6, & 10), three values of n (5, 10,
50), and four values of p (2, 3, 6, & 10) for a total of 36 combinations of
experimental conditions. Olson also considered three alpha levels (.10, .05, &
.01) and numerous ways in which violations can occur.

If s=min (p, k - 1) is greater than one, no invariant test is uniformly most
powerful. Let H (p x p) and E (p X p) be the sum-of-products matrices for

hypothesis and error, respectively defined as

H= zk, Ni(vi—v)( Vi_v),i (1)
E= Z Zl, (Yij - V|)( Y — Vi),1 (2)

where Yj is the j* of n; observation vectors in group i, Y , is the mean vector

for the i" group and Y is the grand mean vector. The product HE™ has
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order, p. The s nonzero eigenvalues (c,, ..., ¢,) of HE™ can be used to form a
variety of tests of H,. In some cases, the tests are expressed as the s nonzero
eigenvalues (g, ..., g.) of H(H + E)™. The present investigation is limited to
the equal n case in which n=n,; = ... = n,. The population values of the (c,,
..., C5) values are designated as (A, ..., AJ).

Olson (1974) examined four common MANOVA tests of the full, null
hypothesis. The Pillai-Bartlett trace, V = X g,,. Wilks’ likelihood ratio, W =
I1(1 - g,). The Lawley-Hotelling trace, T =X c,,. Roy’s greatest,
characteristic root, R = g; In addition, Olson (1974) investigated a less
frequently considered procedure, U =11 g,,. The U statistic was proposed by
Wilks (1932) and designated as a generalization of the correlation ratio.
Olson (1974) attributed the U statistic to Gnanadesikan who briefly
mentioned it in a paper in 1964 and an abstract in 1965.

It is customary to write the s values of A; in order with A, the largest and A,
the smallest. In the extreme case of a concentrated structure, A, will be
greater than zero and all over values will be zero. Previous research (lIto,
1962; Lee, 1971, Olson, 1974, Roy, 1966) indicates that the probability of
rejecting a false, full-null hypothesis decreases as A; varies from a single
nonzero A, to the set of A, = ... = A, and the power of the test varies fromR>T
>W >V > U. In the reverse condition, when the order of the pattern of A,
varies from all nonzero values, A, = ... = A, to a single nonzero A, the power of
the tests also reversestoR<T<W <V <U.

In comparison to R, T, W, and U, Olson (1974) reported V to provide,
“protection against nonnormality and heterogeneity of covariance matrices”

(p. 894). He found R to be particularly poor in such protection. However,
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there were many cases reported by Olson (1974) which show rather high Type
I error rates even for V. That is, Olson only found V to be relatively robust in
comparison to the other five procedures he investigated.

Absolute cutoff values for acceptable Type | error rates were proposed by
Bradley (1978) who suggested that no statistical test should be consider
robust when applied under conditions in which the actual probability of a
Type | error exceeds 1.50. For o = .05 that would be an upper limit of .075.
One argument in support of Bradley’s upper limit is that any value greater
than .075 is closer to .10 than .05. Thus, a true rate above .075 is more
accurately described as being approximately .10 rather than approximately
.05.

The present investigation attempts to establish absolute robustness of
MANOVA tests using Bradley’s 1.5a criterion. Olson (1974) examined the
relative robustness of MANOVA tests. The present investigation examines
all experimental conditions considered by Olson (1974) and some additional
conditions as well. It examines R, T, W, V and U considered by Olson and
some additional procedures.

Significance Testing Procedures
The Pillai-Bartlett trace statistic, V, can be evaluated with an F test Pillai

(1955) and Seber, 1984, p. 564) defined by

F= L, (3)
b(s - V)
where s=min(p, k -1),
C= de - p + §l

and b =max(p, k - 1).



A More Robust Procedure 6

To test at level o requires critical value, CV = F,_, (sb, sc). The error df
value is dfg = Z(n; - 1) = k(n — 1). This is the method used by Olson (1974) and

generally associated with the V statistic.

A more accurate F test for V is available due to Muller (1998). Two
methods are presented. Method 1 is shown to be most effective for testing o >
.01 and Method 2 for oo <.01. In Method 1 we have

c_dh, v

==z _7 4
df, d-V )

where  df, =p(k - 1),

_ [p(k-1) + 2]df . (df . + k-1-p)

df,
dfe(k +p) +(k+1)(k-2)

4= Pk-1)+df,

and d .
df. +k-1

To test at level o requires CV = F,_, (df,, df,). The value of dfg is k(n — 1) as

above. For Method 2 Muller (1998) the E test is

F= oy (5)
df, s- V
where K = 1 s(df. +s-p)(df. + k+1)(df. +k-2) .
S(dfe +k-1) df(df + k- 1-p)
df, = p(k - 1)K,
c=df:—p +s5,
anddf, = scK.

To test at level o requires CV = F,_, (df,, df,). The value of df; is again k(n —
1). As noted above, applying Muller’'s Method 1 and Method 2 to the testing of
the Pillai-Bartlett trace, V, at appropriate alpha levels is designated here as

the Pillai-Bartlett-Muller procedure, M.
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Wilks' likelihood ratio statistic, W, can also be applied to the MANOVA
null hypothesis. One method of evaluating W for a group of k mean vectors is

with an F test (Rao, 1951; Seber, 1984, p. 41) defined by

poloX dfy ©
X df
2 2 _
where t= LH)ZA'
\ p° +(dfw)"-5
df
f=dfe - (p-df, +1)/2,
_ p(dfw)-2
g 2 1
df, = p(dfy,),
df, =ft-g,
and X=W"

To test at level o requires CV = F,_, (df,, df,). The value of df: = k(n - 1) and
df, = k- 1. It can be shown that Eq. (6) provides an exact F test forp=1, 2 or
k =2, 3 (Seber, 1984, pp. 40-41) provided the usual assumptions are satisfied.
Applying Wilks’ W is designated here as the Wilks’ likelihood ratio procedure,
W.

Wilks' (1932) generalization of the correlation ratio, U =11 g, presents a
special case for significance testing. Olson (1974) generated critical values
for U using Monte Carlo simulation with 1,000 replications. The F ratio for
the W statistic used to test p dependent variables and parameters df, and df;
Is shown in Equation 6. Fujikoshi (1972) observed that U has the same
distribution as W with the degrees of freedom values (dfz and df,)) reversed.

Thus, the needed critical values of U come from the opposite tail of the
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distribution. Equation 6 was used to produce estimated critical values for U
which were found to be accurate provided p < k - 1. However, in other cases,
this method presented a particular problem in generating CVs for some
combinations of dfg and df,; In those cases, it was necessary to use Monte
Carlo simulation to produce accurate critical values. That simulation was
based on 20,000 replications.

The Lawley-Hotelling trace, T, can be used to test the MANOVA
hypothesis. One method of evaluating T for a group of k mean vectors is with

an F test (McKeon, 1974; Seber, 1984, p. 39) defined by

T

F=— @)
Cc

where a=pk-1),

B = (dfg +k-p-2)(df-1)
(de -p- 3)(de - p)

b=4+ 12,

a(b-2)

andc= ————.
b(df. - p-1)

To test at level o requires CV = F,_,(a, b). The value of dfz = k(n —1).

Applying the Lawley-Hotelling trace procedure is designated here as T.

Roy’s greatest characteristic root, g,, can also be applied to the MANOVA
null hypothesis. Tables of critical values for g, are available (Harris, 2001,
pp. 518-531 & Sever, 1984, pp. 593-598). Computer routines for evaluating g,
are also available (Harris, 2001). Testing g, is designated here as the

greatest characteristic root procedure, R.



A More Robust Procedure 9

One MANOVA procedure has been developed that controls for Type 1
errors using Bonferroni testing in which a univariate procedure is applied to
each dependent variable at level o/p. This procedure generally provides
adequate control of Type I errors Bird (1975). This procedure allows
researchers to determine the nature of the differences once H, is rejected.
Pairwise testing applying Tukey’s HSD to each dependent variable with the
Bonferroni adjustment has been shown to be more powerful than some
alternatives (Bird, 1975; Ramsey, 1982). The Tukey-Bonferroni combination
can be used to test the full, null hypothesis. That is, if any pair of means is
significantly different on any of the p dependent variables at level o/p by the
HSD critical difference based on the studentized range distribution then the
full, multivariate null can be rejected at level o.. That procedure is
designated in the present investigation as Q.

An alternative and possibly more powerful Bonferroni method could be
obtained by applying the univariate ANOVA F test to each dependent
variable at level o/p. That approach is designated here as P. A more robust

method would be to test each dependent variable at o/p using the Welsh

(1951) procedure which does not assume equal population variances. This
method is designated here as B.

Although Olson (1974) generally found V to be the most robust of the
MANOVA procedures, a careful examination of the results reported by Olson
shows an interesting pattern. The V procedure is usually somewhat liberal
producing rejection rates above the nominal level and occasionally
conservative with rejection rates below the nominal level. The U procedure is

generally the reverse in the same conditions. That is, U is usually liberal
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where V is conservative and vice versa. This suggests that some combination
of the U and V statistic might produce a more robust procedure.

Two methods are considered here for combining the U and V statistics.
However, the V statistic is evaluated by the Pillai-Bartlett-Muller procedure
Muller (1998) rather than the less accurate method used by Olson (1974) and
others. The first method is designated as UM1 and is applied by testing the
MANOVA null hypothesis with both U and M and rejecting that hypothesis if
either test is significant at, o,;, a somewhat more stringent value of o.

Determination of, o, the alpha level for UM1 using a strict Bonferroni

approach would suggest applying each test at .5a. However, empirical

evaluation using Monte Carlo simulation showed such an approach to
produce a very conservative procedure. Testing all the 36 experimental
conditions considered by Olson (1974) in cases where all assumptions were
satisfied but p, k, and n were varied, showed that the maximum rejection
rate for M tested at o = .05 was .0645. Testing UM1 at o, = .8c (i.e., .04 for o
= .05) produced a maximum rejection rate over the 36 conditions of .068.
Thus, UM1 was taken as rejecting the null if either M or U was significant at
o, = .8a. Similar results were found for o of .10 and .01.

The second method, UM2, was also based on testing both U and M at an
adjusted a level, a,. In UM2 the MANOVA null hypothesis would be rejected
at level o if both U and M are significant at some level, o,, above a. Applying
UM2 at 1.7a (i.e., 1.7[.05] = .085) was found to produce a maximum rejection
rate over the 36 conditions of .0682. Thus, UM2 was designated as rejecting

the null if both U and M were significant at o, = 1.7a.. Again similar results
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were found for .10 and .01 levels. Critical values for UM1 and UM2 were
similarly determined separately from U and M critical values.
Evaluation

A Monte Carlo simulation was conducted to evaluate the accuracy of all 11
procedures (V, W, T, R, Q, P, B, M, UM1, UM2, & U) for controlling Type |
errors with and without assumption failure. Random normal deviates were
generated by the method of Press, Teukolsky, Vetterling, and Flannery
(1994). Assumption failure was examined by varying the degree of
contamination in the groups, d, and how contamination varies across groups
(concentration of contamination). Values of d included 1 (no contamination)
and all the values used by Olson (1974): 4, 9, 16, and 36.

Multivariate data were generated in the same manner as was done by
Olson (1974). Two normal distributions were combined from N(O, 1) and N(O,
D) where D could have two forms. For the low concentration of
contamination condition D = dI with scalar d. In this case the contamination
parameter, d, would be the same on all p variables. For the high
concentration of contamination D = C(d) =diag(pd—-p + 1, 1, 1, ...). In this
condition the contamination is exclusively on the first variable. In both cases
the trace of D is pd. That is, the degree of contamination is the same and
determined completely by the parameter, d.

Also following Olson (1974) the form of contamination was determined by
a k-tuple (a,, ..., a,) where each a, ranges from 0 to 1 and represents the
proportion of observations in group i which include contaminated data. Of
course, (0, ..., 0) represents the condition of no contamination across groups.

Again following Olson (1974) the first form of contamination considered was
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(1,0,0, ...,0). In this form all the contamination is in the first group. A
second form of contamination is (.2, .2, ..., .2) in which there is 20%
contamination in all groups. A third formis (.2, 0, 0O, ..., 0). In this case there
Is 20% contamination but only in the first group.

All the conditions investigated by Olson (1974) were included plus some
additional conditions. In particular, Olson did not include all 36
combinations of experimental conditions in all possible contamination
conditions. All such combinations were included here. Each simulated
experiment was replicated 10,000 times. Two methods were used to evaluate
the statistical significance of the empirical rejection rates. For rejection rates
between 0.0 and 1.0 the standard error (SE) depends on the value of the rate.
If X is the proportion of replications exceeding a critical value, the SE is [x( 1

— x)/10000]*2. For x = .5 the SE would be a maximum and have a value, SE =

+/.000025 = .005 so a 50% rejection rate would be included in a 2SE interval
from .49 to .51 in approximately 95% of the simulations. An x of .05 would
have SE = 1.00000475 = .002179 and a 2SE interval from .045641 to .054358.
Thus rates even as small as 5% will usually be estimated to differ from the
correct value by less than .0044.

McNemar’s (1947) test of correlated proportions was used to test the
significance of the difference between proportions as rejection rates.
Applying McNemar's test to all pairs of procedures is impractical and risks
excessive testing. The present approach is to identify a specific reference
procedure against which to test each of the 11 procedures. In particular, the
procedures were considered in the order: V, W, T, R, Q, P, B, M, UM1, UM2,

& U. Each method was tested against the following method (i.e. the method
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to the right in the list) as a reference procedure with the final method, U,
tested against the first, V. Thus, each method was tested for significance
against the method on each side of it.
Results

Table 1 presents the Type I error rates for all 11 procedures for the no
contamination condition (d = 1). All rates should not exceed .05 except by
sampling error. That is, based on sampling error, 97.5% of the simulations
should be less than .0544 when the true rate is .05. Many significant
differences are shown in Table 1 when comparing one procedure to another
using McNemar's test. For example, in the first row withn =5,k =3, and p
= 2 the rate for U is .0493 which is significantly greater than the V rate of
.0366. That rate for V is also below the 95% lower bound of .045641. Clearly,
V is conservative in this condition. In fact, V is often conservative and has a
mean rate in Table 1 of .04411. Averaging 36 rates produces a mean rate
based on 36,0000 samples. The lower bound on a 95% interval of a nominal
.05 rate would be .04927. The mean rate for V is well below that lower bound.
That is, the mean rate for V in Table 1 shows that it is very conservative and,
at least on the average, conservative over all 36 conditions.

Other procedures also have a mean rejection rate below .05. However, the
Q, P, and U procedures all have mean rates above the .04927 lower bound.
These three mean rates can be considered within sampling error of the
nominal .05 level. The procedures B, UM1, and UM2 all have mean rates
below the .04927 lower bound. These procedures appear to be slightly

conservative.
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Table 1.
Type | Errors for All Eleven Procedures Tested at o = .05 with All Assumptions Are Satisfied
n k p \% w T R Q P B M UMl UM2 U
5 3 2 .03661T .05041 .0482 .0476 .0462 .0474t .0351f .0495t .0425t .0317t .0493t
3 .03341 .0478 .0467* .0492 .0494 .0488t .0348f .0451t .0535t .0383t .0639t
6 .03701 .0494* .0465 .0480 .0514 .0507f .0342t .0534t1 .0388t .0489 .0486t
10 .0444t1 .0547 .0541t .0658t .0482 .04831 .0312f .0698t .0402t .0567t .0496t
6 2 .04101 .0477 .0484 .0485 .0458 .0468t .03461 .0482t1 .0432t1 .0542t .0506t
3 .04041 .0490 .0474 .0487 .0474 .0475t .0323tf .0504t1 .0422 .0397t .0466t
6 .03431 .05361 .0498 .0479 .0492 .0512f .0320f .0531* .0481t .0253t .0544t
10 .03511t .05201 .0472 .0475 .0483 .0488f .0268f .0517t1 .0419t .0370t .0501t
10 2 .0478t .0517 .0504 .0509 .0498 .0516f .0387f .0517t1 .0468t .0655t .0520t
3 04171 .0465 .0463 .0487 .0461 .0443f .0298f .04801 .0439t .0518t .0469t
6 .03711t .0502 .0498 .0484 .0478 .0477t .0304f .0501t .0422t1 .0334t .0438t
10 .0424t1 .0490 .0482t1 .0547* .0493* .05361 .0469 .0485 .0467t .0369* .0406
10 3 2 .03451 .0510 .0502 .0488 .0465 .0471t .0271t .0538t .0328t .0185t .0302*
3 .04671 .0519 .0520 .0537 .0527 .0517f .0490 .0523 .0542t .0405t .0486
6 .04601f .0529 .0531 .0535* .0486 .0497f .0460f .0532* .0568t .0522t .0624t
10 .04361 .0495 .0498 .0485 .0473 .0472t .0431t .0498t .0432t .0574t .0483t
6 2 .04231 .0508 .0494 .0513 .0486 .0482tf .0422* .0485t .0397t1 .0623t .0485t
3 .0474t1 .0502 .0508 .0515 .0478 .05041 .047 0497 .0472t .05651 .0498
6 .04591 .0498t1 .0516 .0514 .0498 .0513f .0467 .0505 .0503t .0455 .0481
10 .0371t .0461 .0470 .0498 .049 .04961t .0446 .0463 .0442t .0275t .0403
10 2 .0418t .0504 .0510 .0511 .0467* .05061 .0432* .0494t1 .0442 .0424 .0450
3 0477t .0500 .0502 .0512 .049 .05121t .0476 .0494 .0475t .0654t .0486
6 .04921 .0533 .0540 .0509 .0549 .05271f .0480 .0524 .0525t .0598t .0535*
10 .04311t .0480 .0478 .0490 .0487 .0489f .0421* .0477 .0451t .0357t .0408
50 3 2 .04631 .0545 .0542 .0536* .0468 .04861 .0413f .0545t .0617t1 .0315t .0558t
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(Table 1 continued)

3 .0486 .0493 .0493 .0483 .0486 .0473 .0473 .0491t .0578t .0425t .0487
6 .0533* .0541 .0541 .0538 .0538 .0533 .0532 .0538t .0670t .0568t .0659t
10 .0500* .0508 .0504 .0521 .0513 .0494 .0494 .05101 .0582t .0651t .0609t
6 2 .05141 .0536 .0546 .0526 .0496 .0484 .0483* .0534t .0498t .0687t .0518
3 .0489 .0493 .0494 0511 .0517 .0489 .0487 .0493 .0507t .0561t .0465
6 .0504* .0510 .0511 .0496 .0506 .0523 .0522 .0511t .0555t .0502 .0492
10 .05051t .0524 .0526 .0523 .0491 .0523 .0522 .0526%1 .0615t .0372t .0440t
10 2 .0478t .0491 .0492 .0513 .0512 .0507 .0506 .0490t .0566t .0508 .0526*
3 .0477 .0480 .0480* .0518 .0518 .0519 .0519 .0481 .0467t .0643t .0483
6 .0503 .0507 .0511 .0509 .0518 .0535 .0533 .0505t .0540t .0601t .0511
10 04621 .0471 .0475 .0507 .0503 .0524 .0524* .0472t .0525t .0405 .0388t
Mean .04411 .05044 .05004 .05096 .04931 .04984 .04262 .05089 .04888 .04741 .04928
SD .00555 .00224 .00240 .00322 .00218 .00224 .00825 .00397 .00748 .01304 .00701
MAX .0533 .0547 .0546 .0658 .0549 .0536 .0533 .0698 .0670 .0687 .0659
MIN .0334 .0461 .0463 .0475 .0458 .0443 .0268 .0451 .0328 .0185 .0302

*Rate is significantly different from the rate to the right at the .05 level by McNemar’ test.
tRate is significantly different from the rate to the right at the .01 level by McNemar’ test.
Note: The * or 1 beside U indicates it is significantly different from V.
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Only B has a mean rate below that of V. Only R and M have a mean
rejection rate above the upper limit, .050726, of the 95% interval. This might
suggest that R and M are slightly liberal rejecting slightly too often.

In addition to advocating a maximum upper limit of 1.5a for robustness,
Bradley (1978) also suggested that rates in the interval of +1.1 o (i.e., .045 to

.055 for o = .05) represent negligible non-robustness. In Table 1 only V and B

have mean Type | rejection rates outside that interval. The B procedure is
based on a method that approximates rates when variances are unequal and
could be expected to be somewhat different from the nominal level.

Both UM1 and UM2 have mean rejection rates below .05. The maximum
rate for both procedures is less than the upper limit of alpha (.0544) and less
than that for M. Thus, UM1 and UM2 seem to provide adequate control of
Type | errors.

Table 1 also provides maximum and minimum rates for each of the 11
procedures taken over the 36 conditions. UM1 and UM2 both have maximum
rates slightly lower than that of M and slightly above that of U. The lowest
maximum is found for V and B. Thus, UM1 and UM2 have Type | error
control that is comparable to that of the other procedures. Indeed, UM1 and
UM2 have better control than V and B.

Table 2 gives the maximum rejection rates for all 11 procedures at various
values of d when 100% contamination is in the first group for all variables.
The maximum rates at each n in Table 1 are shown in Table 2 in the lines
with d = 1. Corresponding maximum rates for other values of d are also
shown in Table 2. For n =5, V exceeds Bradley’'s robustness limit of .075 for

d between 4 and 5. Procedures W, T, R, Q, P, B, M, and UM2 all exceed .075
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for d between 1 and 4. M tests the same test statistic as V but uses a more
accurate critical value. As shown in Table 1, M has a Type | error rate that is
closer to the nominal value than does V. While these results agree with those
of Olson (1974), they also show that part of the “robustness” of V was due to
its conservative Type | error rate. UML1 limits the rate to .075for 1 <d <7
without having a conservative rate atd = 1.

For n > 10 Table 2 shows UM2 to maintain the Type | error rate to or
below .075 for all values of d. For a true rate of .075 the SE for 10,000
replications would be .002634. The upper limit of a 95% interval would be
.08027. The rejection rate of .0761 for UM2 at n = 10 and d =5 is below
.08027 and therefore approximately equal to .075. Nevertheless, the true
rejection rate for UM2 may slightly exceed the .075 upper limit for values of d
near 4 or 5. U provides similar control but becomes unduly conservative for
large values of d. For n =50, UM2 limits all rates to .075 but becomes
conservative at d = 36.

In general, the results in Table 2 suggest that for small n (i.e., n < 10) and
moderate values of d (i.e. d < 7) UML1 is a robust procedure. For n>10and d
not too large (i.e., d < 36) UM2 is robust by the .075 criterion or very nearly
so. Both UM1 and UM2 are more robust than V while not being as
conservative.

Table 3 gives the maximum rejection rates for all 11 procedures when 20%
contamination is in all variables and in all groups and for various values of d.
As in Table 2, the maximum rates at each n in Table 1 are shown in Table 3
in the lines with d = 1. UML1 is somewhat more robust in Table 3 than in

Table2 with rates below .075 forn=5and d <9.
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Table 2.
Maximum Type | Errors Over all 36 Experimental Conditions for All Eleven Procedures Tested at o = .05 with
Violations of the Form (1, 0,...,0) and Concentration dl for Various Values of d.
n d \% w T R Q P B M UMl UM2 U

5 1 .0478 .0547 .0541 .0658 .0514 .0536 .0469 .0698 .0535 .0655 .0639

4 .0708 .0993 .1511 .1989 .1788 .1359 .1081 .0960 .0641 .0782 .0682

5 0783 .1224 2041 .2639 .2237 .1731 .1340 .1050 .0693 .0867 .0761

6 .0814 1492 2560 .3299 .2659 .2103 .1568 .1121 .0695 .0937 .0839

7 .0964 1773 .3170 .4099 .3020 .2377 .1775 .1204 .0812 .1011 .0887

9 1096 2354 4321 5267 .3578 .3007 .2073 .1280 .0926 .1092 .0961

16 1388 .4097 .6867 .7782 4724 4153 .2601 .1574 .1208 .1362 .1224

36 1882 7324 9191 .9550 .5833 5336 .2871 .1934 .1660 .1594 .1398

10 1 .0492 .0533 .0540 .0537 .0549 .0527 .0490 .0538 .0568 .0654 .0624
4 .0743 .1085 .1414 .2686 .1945 .1512 .1221 .0763 .0670 .0754 .0560

5 .0858 .1352 .1946 .3573 .2602 .1897 .1491 .0875 .0764 .0761 .0551

6 0952 1569 .2586 .4359 .3204 .2336 .1670 .0970 .0843 .0714 .0495

7 1026 1868 .3131 .5038 .3712 .2771 .1837 .1041 .0919 .0756 .0516

9 1146 2428 4305 .6281 .4485 3515 .2087 .1189 .0980 .0628 .0424

16 1514 4068 .6933 .8541 .6043 5136 .2894 .1561 .1358 .0541 .0354

36 1957 7242 9230 .9741 7220 .6600 .3145 .2002 .1776 .0391 .0246

50 .0533 .0545 .0546 .0538 .0538 .0535 .0533 .0545 .0670 .0687 .0659

0779 .0941 1278 .2901 .2099 .1538 .1445 .0798 .0700 .0679 .0488
.0903 .1156 .1665 .3934 .2732 .1975 .1803 .0924 .0801 .0682 .0490
1004 1343 .2059 .4900 .3392 .2448 .2040 .1005 .0909 .0707 .0508
1121 1595 2501 5581 .3734 2795 .2305 .1138 .0969 .0665 .0464
1359 2035 .3248 .6793 .454 3488 .2705 .1380 .1188 .0668 .0445
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(Table 2 continues)
16 1660 .3307 .5234 .8557 .5932 .5006 .3318 .1676 .1489 .0448 .0281
36 2009 5437 .7469 9562 .6875 .6215 .3900 .2024 .1867 .0111 .0061
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Table 3.
Maximum Type | Errors Over all 36 Experimental Conditions for All Eleven Procedures Tested at o = .05 with
Violations of the Form (.2, .2, ...,.2) and Concentration dl for Various Values of d.

n d \% W T R Q P B M UMl UM2 U
5 1 0.0478 0.0547 0.0541 0.0658 0.0514 0.0536 0.0469 0.0698 0.0535 0.0655 0.0639
4 0.0401 0.0470 0.0485 0.0587 0.0441 0.0423 0.0329 0.0598 0.0577 0.0561 0.0682
9 0.0345 0.0404 0.0427 0.0541 0.0268 0.0271 0.0187 0.0539 0.0718 0.0447 0.0868
16 0.0297 0.0403 0.0439 0.0541 0.0196 0.0157 0.0099 0.0484 0.0982 0.0401 0.1214
36 0.0304 0.0419 0.0439 0.0526 0.0076 0.0051 0.0030 0.0514 0.1601 0.0414 0.1996
10 1 0.0492 0.0533 0.0540 0.0537 0.0549 0.0527 0.0490 0.0538 0.0568 0.0654 0.0624
4 0.0439 0.0450 0.0449 0.0442 0.0467 0.0450 0.0415 0.0464 0.0523 0.0632 0.0575
9 0.0354 0.0372 0.0355 0.0322 0.0367 0.0356 0.0313 0.0384 0.0803 0.0585 0.0932
16 0.0271 0.0274 0.0255 0.0245 0.0278 0.0253 0.0210 0.0291 0.1484 0.0455 0.1758
36 0.0177 0.0178 0.0174 0.0183 0.0147 0.0126 0.0096 0.0201 0.3285 0.0387 0.3693
50 1 0.0533 0.0545 0.0546 0.0538 0.0538 0.0535 0.0533 0.0545 0.0670 0.0687 0.0659
4 0.0516 0.0517 0.0518 0.0517 0.0533 0.0513 0.0511 0.0517 0.0624 0.0697 0.0640
9 0.0484 0.0491 0.0492 0.0487 0.0493 0.0486 0.0482 0.0493 0.0780 0.0647 0.0858
16 0.0456 0.0454 0.0452 0.0446 0.0472 0.047 0.0468 0.0461 0.1028 0.062 0.1198

36 0.046 0.0467 0.0468 0.0416 0.0476 0.0433 0.0426 0.0468 0.1471 0.0642 0.1760
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UM2 is also more robust in Table 3 than in Table 2 with rates no higher
than .0697 for all values of n and d. Table 4 gives the maximum rejection
rates for all 11 procedures when contamination is only in the first group and
in all variables (20% contamination) and when d = 36. V, M, and UML1 are all
robust for n of 5 and 10 but nonrobust for n = 50. UM2 is robust for all values
of n.

Table 5 gives the maximum rejection rates for all 11 procedures when
contamination is also only in the first group, but only in the first variable
(100% contamination) and for various values of d. The maximum rates at
each n in Table 1 are shown in Table 5 in the lines withd = 1. For n =5, UM1
Is robust only for d < 4 rather than the less restrictive limit of d < 7 shown in
Table 2. Unlike Table 2 results, UM2 is not robust for any values of n and d
in Table 5. However, UM1 and UM2 are almost always more robust than V
in Table 5. As noted in Table 1, UM1 and UM2 are less conservative than V
and thus the relative robustness of each is almost certainly better than that
of Vin Table 5.

Table 6 gives the maximum rejection rates for all 11 procedures when
contamination is in all groups, but only in the first variable (20%

contamination), and when d = 36. All procedures are robust in this condition.
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Table 4.

Maximum Type | Errors Over all 36 Experimental Conditions for All Eleven Procedures Tested at o = .05 with
Violations of the Form (.2, .0, ...,.0) and Concentration dl for d = 36.

n \% W T R Q P B M UMl UM2 U
5 .0386 .0482 .0508 .0683 .1346 .0687 .0354 .0585 .0451 .0557 .0560
10 .0510 .0549 0577 .0713 .1333 .0708 .0404 .0528 .0473 .0626 .0452

50 1051 1066 1078 .3936 .3021 .2218 .1980 .1054 .0939 .0659 .0453
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Table 5.
Maximum Type | Errors Over all 36 Experimental Conditions for All Eleven Procedures Tested at o = .05 with
Violations of the Form (1, 0,...,0) and Concentration C(d) for Various Values of d.

n d \% W T R Q P B M UMl UM2 U
5 1 .0478 .0547 .0541 .0658 .0514 .0536 .0469 .0698 .0535 .0655 .0639
4 0793 .0891 .0958 .1045 .1472 .1261 .0897 .0845 .0741 .0883 .0782
9 1124 1214 1270 1311 1744 1563 .0884 1177 .1060 .1123 .0941
16 A371 1472 1513 1591 .1988 .1729 .0904 .1421 .1297 .1338 .1095
36 1539 1653 .1682 .1740 .2070 .1869 .0816 .1582 .1432 .1444 1211
10 1 .0492 .0533 .0540 .0537 .0549 .0527 .0490 .0538 .0568 .0654 .0624
4 .0816 .0865 .0908 .0978 .1564 .1384 .0846 .0834 .0784 .0898 .0703
9 1090 1165 .1184 1254 1724 .1616 .0986 .1127 .1044 .1081 .0861
16 1338 1374 1376 .1473 .1870 .1645 .1050 .1354 .1277 .1284 .1071
36 1506 1542 1561 .1613 .1934 .1782 .1029 .1523 .1447 1418 .1182
50 1 .0533 .0545 .0546 .0538 .0538 .0535 .0533 .0545 .0670 .0687 .0659
4 .0841 .0851 .0870 .0991 .1438 .1281 .1061 .0842 .0818 .0860 .0683
9 1077 .1083 .1091 .1219 .1635 .1521 .1262 .1083 .1043 .1077 .0856
16 1227 1238 1242 1326 .1720 .1514 1325 1232 .1189 .1141 .0973

36 A374 1379 1382 1498 1777 .1610 .1433 .1376 .1326 .1328 .1116
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Table 6.

Maximum Type | Errors Over all 36 Experimental Conditions for All Eleven Procedures Tested at o = .05 with
Violations of the Form (.2, .2,...,.2) and Concentration C(d) for d = 36.

n \% W T R Q P B M UMl UM2 U
5 .0388 .0494 0514 .0658 .0490 .0486 .0335 .0634 .0444 .0498 .0522
10 .0437 .0510 .0500 .0496 .0478 .0466 .0419 .0505 .0458 .0617 .0553

50 .0494 .0512 .0516 .0528 .0500 .0498 .0496 .0502 .0585 .0660 .0570
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Discussion
The present results were generally consistent with the findings of Olson

(1974) for the same MANOVA procedures, and revealed no unexpected
findings under the values of k, p ad n not tested by Olson. In all the above
results except Table 5, UM1 and UM2 offer clear advantages over V or M. As
noted previously, much of the apparent “robustness” of V is due to its
conservative rejection rate when assumptions are satisfied. The M procedure
provides a more realistic evaluation of the robustness of the Pillai-Bartlett
statistic.

In most cases UML is a robust procedure for small n and UM2 for
moderate to large n. Even in Table 5 that pattern holds except that neither
UM1 nor UM2 meets the 1.5 o criterion for values of d much different from
1.0. However, even in Table 5, UM1 has better relative robustness than M
for n =5. That is, UM1 has lower rates than M for all values of d with n = 5.
Also UM2 usually has lower rates than M for n of 10 and 50.

Table 5 requires special attention because it appears to contradict the
results reported by Olson (1974). In particular, Table 5 shows the maximum
Type | error rate for d = 36 and n of 5, 10, and 50 to be .1539, .1506, and
1374, respectively. For a nominal level of o = .05 those three rates are all
approximately 3a.. In the lower half of Figure E, Olson (1974) presents
results for 16 of the possible 36 conditions in which V appears to have
rejection rates consistently between o and 2 o.. Olson’s results are for o = .10
but he reported no differences due to alpha level.

Examination of the original raw data in Olson (1973) shows the actual 16

Type | error rates to range from .117 to .192 for a maximum of 1.92 a.. In
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fact, eight of the 16 rates were below .150 satisfying Bradley’s 1.5a limit.
However, in the same 16 conditions for o = .05 Olson (1973) reports the
maximum rate to be .156 or 3.12 .. Also at o = .01 Olson (1973) reports the
maximum rate to be .093 or 9.3 a.. In this part of Olson’s study o did make a

difference with V being less robust for more stringent alpha levels.

It can also be seen both in Figure E (Olson, 1974) and the raw data (Olson
1973) that U is only moderately more conservative than V. Thus, neither
UML1 nor UM2 is much better in Table 5 than V or M.

The procedures, R, Q, P, and B, are particularly attractive because they
offer natural ways of following a rejection of the multivariate null hypothesis
with additional tests of specific differences. However, their poor robustness
raises doubts about their accuracy in such follow up testing.

Although the present investigation did not examine power rates, some
observations are relevant. Olson (1974) reported power rates as the rejection
under various nonnull conditions. However, just as V appears to be more
robust due to its conservative rejection rate other procedures may appear to
be more powerful due to their inflated rejection rates. For example, Olson
(1974) reported W and T to be more powerful than V for certain conditions
with d > 1 but did not control for the excessively high Type I error rates of W
and T under those condition. A proper study of power requires comparing the
rejection rates of procedures that have at least comparable control of Type |
errors.

Stevens (1979) suggested that Olson (1974) had overstated the advantage
of V over other procedures such as W and T by examining conditions rarely

found in actual research. Stevens particularly questioned the likelihood of
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finding d values as extreme as 36 to 1. He reported some data sets and a
survey of several journals to support his accusation.

Olson (1979) responded to Stevens and argued that many of the conditions
were quite common. However, Olson only identified d values of 2.2 and 1.9.

If one accepts the arguments of Stevens (1979) that extreme results are not
very common then UM1 and UM2 may well be robust by the 1.5c criterion in
most research settings. Even in more extreme conditions UM1 and UM2 are
likely to provide better control of Type | errors that the alternatives
considered here.

Finn (1974, p. 12 & p. 333) reports a study in which four groups were
given words to remember. Each group was given a list of words with the lists
differing in word-meaning categories and natural hierarchical ordering. Each
group included n = 12 subjects. The effectiveness of the four different
treatments was evaluated by two dependent variables, number of words
recalled and number of categories reconstructed.

The example is particularly interesting because the four groups are not
significantly different when a univariate F test is applied separately to each
dependent variable. For the number of words recalled F(3,44) = 2.13, p =.110
and for the number of categories reconstructed F(3,44) = 1.36, p = .267. That
IS, neither univariate test is significant at o = .10. To apply procedures such

as Q, P, or B at a = .05 would require at least one of the two dependent

variables to be significant at .025 (= .05/2).
Applying the usual MANOVA tests, V, W, T, and R, to the data from Finn
(1974) would result in respective p values of .00778, .00584, .00454, .00039.

This is the result a researcher would find in performing MANOVA on most
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statistical packages. It would appear to be safe to consider the results

significant at oo = .01. Applying U would result in p =.02331. Present results

suggest that UM2 should be used for n > 10. Applying UM2 with Muller’s
Method 1 or Method 2 would produce p =.013711. This is not significant at o

= .01 but would be significant at o = .05.
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