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Abstract 
     This paper discuss the reliability of two units cold standby system with single 
repair. For achieving high reliability of the system, the operative and the standby units 
are interchanged at random epochs and additional preventive maintenance of  
operative and the standby units also. After the repair, the unit is sent for inspection to 
decide whether the repair is satisfactory . In case the repair is found unsatisfactory the 
unit is again sent for post repair .Using a regenerative point technique, various 
measures of system effectiveness are obtained.   
 
Introduction  
     Most authors [ ]2,1  have studied two unit standby systems assuming that the 
operating unit works continuously until it fails, the operative and the standby units are 
interchanged at random epochs which is discussed also. In many engineering systems 
it is observed that system reliability can be increased by putting the operative and the 
standby units are interchanged at random epochs and additional preventive 
maintenance of  operative and the standby units . 
     The purpose of the present paper is to analyses a standby system in which the 
operative and standby units are interchanged after a random amount of time and 
additional preventive maintenance of  operative and the standby units . A single repair 
facility is used to repair and post repair the failed unit. The post repair is needed only 
when the repair of the failed unit is found unsatisfactory on inspection.  
      Identifying the suitable regenerative points, the following measures of system 
effectiveness are obtained: 

(1) transient and steady state transition probabilities; 
(2) mean sojourn time in regenerative states; 
(3) distribution of time to system failure and its mean (MTSF); 
(4) point wise availability and steady state availability of the system;  
(5) expected busy period of the repairman in the interval ( ]t,0 ; 
(6) expected number of visits by the repairman in ( ]t,0 ; 
(7) expected number of  preventive maintenance in ( ]t,0 ; 
(8) cost analysis; 
(9) comparative study; 

                   
Model description and assumptions 

(1) The system comprises two non- identical units in cold standby configuration. 
      Each unit has two modes, normal (N) and total failure (F).The units are named      
      as  N and F units in their respective modes. 
(2) Upon failure of an operative unit, the cold standby unit becomes operative 
       instantaneously. 
(3) preventive maintenance (e.g.overhaul,..,etc) is provided to this system in state 
      0S   
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(4) After a random amount of time t, the operative unit becomes standby and the 
      standby unit becomes operative if the standby is available. 
(5) After the repair , a unit goes for inspection to decide whether the repair is 

Satisfactory or not. If the repaired unit is found to de unsatisfactory then it is 
sent for post repair. The probability of having satisfactory repair is fixed. 

(6) Failure rate of the operative unit is linearly increasing while the distributions of  
time to repair, inspection and post repair are general. 

(7) The distribution of time for interchanging the operative and standby units is 
general. 

(8) A single repair facility is available for repair, inspection and post repair.  
                         

 
Notation 

tα               Linearly increasing failure rate of operative unit.  
)(,)( ⋅⋅ Gg  pdf and Cdf of time after which operative unit changes. 
)(,)( ⋅⋅ Ff  pdf and Cdf of repair time of  failed unit. 
)(,)( ⋅⋅ Hh  pdf and Cdf of time to complete inspection. 
)(,)( ⋅⋅ Kk  pdf and Cdf of time to complete post repair.  

)(tu            pdf of time for taking a unit into preventive maintenance     

                  i.e 0,,)2exp()(
2

>−= ttttu βββ . 

)(tv            pdf preventive maintenance time  0,,)2exp()(
2

>−= ttttv λλλ . 

)1( qp −=   probability that the repair is satisfactory after the inspection. 
)(,)( tQtq ijij pdf and cdf of transition time from regenerative state iS to jS . 

E         set of regenerative states ( 14119640 ,,,, SSSSSS − ). 
)(⋅π    cdf of time to system failure when iS E∈ .      

)(tM i  pr[ system up initially in state iS E∈ is up at time t without going to any 
            regenerative state].       

iµ        mean sojourn time in state iS E∈ . 
)(tAi   pr[starting from iS E∈ ,the system is up at time t]. 
)(tBi   pr[repairman is busy at time t [ ]ESE i ∈=0 ]. 
)(tVi   expected number of visits by repairman in ( ]t,0 . 

)(tNip  expected frequency of preventive maintenance in ( ] ESEt i ∈=0,,0  

©        symbol of ordinary convolution e.g. )(ta © ∫ −=
t

duutbuatb
0

)()()(  

)(s      symbol of Stieltjes convolution e.g. )())(( tBstA )()(
0
∫ −=
t

udAutB   

The limits of integration are ),0( ∞ , when not mentioned. 
Symbols in the transition diagram are : 

ON normal unit when it is operative 

SN normal unit when it is warm standby 
wrF failed unit waiting for the repair 
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rF   failed unit under repair 

RF  repair of failed unit is continued from earlier state 
IF   failed unit under inspection 

prF failed unit under post repair 

OpN normal unit under preventive maintenance 

SpN  standby unit under preventive maintenance 
 

                                    
                                                    Figure 1.   Transition diagram              
Possible states of the system are: 
Up states: 

),(;),(;),(;),(;),(;),( 643210 IOOIrOOrOSSO FNSNFSFNSNFSNNSNNS  
),(;),(;),( 14119 SpOpprOOpr NNSFNSNFS  

Down states: 
),(;),(;),(;),(;),(;),( 131210875 prwrwrprIwrwrIRwrwrR FFSFFSFFSFFSFFSFFS  

Possible states and transitions are shown in Fig. 1. 
 
 3. Transition probabilities and sojourn times 
     Let 10 ),0( TT =  and 2T , be the regenerative epochs and let nX  denote the state 
visited at epoch +

nT  , i.e. just after the transition at nT . Then ),( nn TX is a Markov 
renewal process. Let 
                              [ ]iXtTTjXtQ nnnnij =≤−== ++ /,Pr)( 11  
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Then the transition probability matrix of the embedded Markov chain is 
 )()()( ∞=∞== QQpP ijij  
with non-zero elements as 
 

∫
∞

−=
0

2

1,0 )()()2exp( dttUtgtP α  ,  ∫
∞

−=
0

2

2,0 )()()2exp( dttUtGttP αα   

∫
∞

−=
0

2

14,0 )()()2exp( dttGtutP α ,  ∫
∞

−=
0

2

3,1 )()2exp( dttGttP αα  

∫
∞

−=
0

2

0,1 )()2exp( dttgtP α         ,  ∫
∞

−==
0

2

5,27,3 )()2exp( dttFttPP αα  

∫
∞

−==
0

2

6,34,2 )()2exp( dttftPP α       ,  ∫
∞

−==
0

2

601,4 )()2exp( dtthtpPP α       

∫
∞

−==
0

2

10,68,4 )()2exp( dttHttPP αα  , ∫
∞

−==
0

2

0,111,9 )()2exp( dttktPP α       

∫
∞

−==
0

2

13,1112,9 )()2exp( dttKttPP αα  , ∫
∞

−==
0

2

11,69,4 )()2exp( dtthtqPP α  

∫
∞

==
0

2,103,8 )( dtthpPP     , ∫
∞

==
0

13,1012,8 )( dtthqPP       , ∫
∞

==
0

10,78,5 )( dttfPP       

∫
∞

==
0

3,122,13 )( dttkPP    ,   ∫
∞

=
0

0,14 )( dttvP               

Mean sojourn time in state iS  is defined as the time of stay in state iS  before 
transiting to any other state .If T  denotes the sojourn time in iS  then  

[ ]dttTTEi ∫ >== Pr)(µ  
Thus we have 

=0µ ∫
∞

−
0

2
)()()2exp( dttUtGtα      ,   =1µ ∫

∞
−

0

2
)()2exp( dttGtα       

∫
∞

−==
0

2

32 )()2exp( dttFtαµµ     ,   ∫
∞

−==
0

2

64 )()2exp( dttHtαµµ     

∫
∞

===
0

275 )( mdttFµµ    ,    3
0

108 )( mdttH === ∫
∞

µµ  

 4
0

1312 )( mdttK === ∫
∞

µµ   ,    ∫
∞

−==
0

2

119 )()2exp( dttKtαµµ  ,    ∫
∞

=
0

14 )( dttVµ  

 
4.Mean time to system failure 
       To investigate the distribution function )(tiπ of the time to system failure with 
starting state is , the failed states are taken to be absorbing . Using the arguments for a 
regenerative process , we obtain the following relation for )(tiπ : 
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)())(()())(()())(()( 1414,02021010 tstQtstQtstQt ππππ ++=  
)())(()())(()( 3130101 tstQtstQt πππ +=  

)())(()()( 424252 tstQtQt ππ +=  
)())(()()( 636373 tstQtQt ππ +=  

)())(()())(()()( 949141484 tstQtstQtQt πππ ++=  
)())(()())(()()( 1111,606010,66 tstQtstQtQt πππ ++=  

)())(()()( 19112,99 tstQtQt ππ +=  
)())(()()( 00,1113,1111 tstQtQt ππ +=  

)())(()( 00,1414 tstQt ππ =                                                                                       (4.1-4.9) 
Taking the Laplace- Stieltjes transform of these relation and solve for )(~

0 sx and 
omitting the argument s for brevity , we obtain:- 

1

1

0

0 )(~
)(

D
N

ds
sd

TEMTSF
S

=−==
=

π
                                                                       (4.10) 

Where  

1414,09149412402011111,66363131

94942420201

)]()}][({[
)}({

µµµµµ
µµµµ

PPPPPPPPPP
PPPN

+++++++
+++=

and 
14,0600,1111,63613109149412402011 )}()}{({1 PPPPPPPPPPPPPD −++++−=  

 
5. Availability analysis 
    As defined , )(tM i denotes the probability that the system starting in up state 

ESi ∈  is up at time t without passing through any regenerative state .Thus we have  

)()()2exp()(
2

0 tUtGttM α−= ,  =)(1 tM )()2exp(
2

tGtα−  

)()2exp()()(
2

32 tFttMtM α−==  ,  )()2exp()()(
2

64 tHttMtM α−==  

)()2exp()()(
2

119 tKttMtM α−==  ,  )()(14 tVtM =  

Using the arguments of the theory of a regenerative process, the point wise  
availability )(tAi is seen to satisfy the following recursive relations: 

 
)()()()()()( 31301011 tAtQtAtQtMtA ©+©+=  
)()()()()()( 52542422 tAtQtAtQtMtA ©+©+=  
)()()()()()( 73763633 tAtQtAtQtMtA ©+©+=  

)()()()()()()()( 94984814144 tAtQtAtQtAtQtMtA ©+©+©+=  
)()()( 8585 tAtQtA ©=  

)()()()()()()()( 116111061006066 tAtQtAtQtAtQtMtA ©+©+©+=  
)()()( 107107 tAtQtA ©=  

)()()()()( 128123838 tAtQtAtQtA ©+©=  
)()()()()()( 1291219199 tAtQtAtQtMtA ©+©+=  

)()()()()( 131013210210 tAtQtAtQtA ©+©=  

)()()()()()()()( 1401420210100 tAtQtAtQtAtQtMtA ©+©+©+=
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)()()()()()( 13111301101111 tAtQtAtQtMtA ©+©+=  
)()()( 312312 tAtQtA ©=  
)()()( 213213 tAtQtA ©=  

)()()()( 01401414 tAtQtMtA ©+=                                                                        (5.1-5.15) 
Taking the Laplace transform of above equations and solving for )(0 sA∗ . And 
omitting the argument )(s  for brevity we obtain    

)(
)()(

2

2
0

sD
sNsA =∗                                                                                                       (5.16) 

The steady state availability , when the system starts from iS , is obtained as follows : 

2

2

2

2
000 )0(

)0()(lim)(
D
N

D
NssAA

S
=

′
==∞ ∗

→
                                                                       (5.17) 

where  

)()({))))}((
(())())((1{(

1414,0042421301369149411111,6636

3101021011414,00100,1111,66036242

µµµµµµ
µµµµµ

PPPPPPPPPP
PPPPPPPPPPN
+−+−+++

−++++−=

)}( 6011,60,11101 PPPP +− µ )1)}(({ 14,010011111,663642423 −+++++− PPPPPP µµµµµ  
and  

)))}(1(())(
)(())1(()

({)))))}(
((

(()1({)1)}(
()()1)((

)1)(({

600,1111,624482484924921301419149101

1414,0010244112,812,89149122413011212,8

52542413011414,010103641914910,613,10

13,1013,1111,6131111,61010,6610361313,10737

103021414,001014,012414,010019112

1292449130,1113113611,610,6363613,101310

2448241212,88737636525424322

PPPPPPPPPPPPPP
PPPPPPPPPPPP

PPPPPPPPPPPP
PPPPPPPP

PPPPPPPPP
PPPPPPPPP

PPPPPPPPD

+−+++−++

+−−−−−+

+−++++−

+−+−−−+−−

−−+++−+−−−

++−+++−++

−++++++++=

µµµµ
µµµµ
µµµµµ

µµµµµµµ
µµµµµµ
µµµµµµµ

µµµµµµµµ

        

α  Availability(1) Availability(2) Availability(3) Availability(4)
0.1 0.884977 0.882547 0.829253 0.766001 
0.2 0.68429 0.679744 0.575692 0.552668 
0.3 0.52453 0.520785 0.44756 0.437648 
0.4 0.41957 0.417024 0.372734 0.367812 
0.5 0.351174 0.349497 0.323902 0.321182 
0.6 0.304697 0.303575 0.289428 0.287799 
0.7 0.271521 0.270748 0.263671 0.262633 
0.8 0.246756 0.246209 0.2436 0.242905 
                                            Table 1. 
 
6.Busy period analysis 
    As defined earlier, )(tBi  is the probability that the system having started from 
regenerative state iS  at  0=t  is under repair. By probabilistic arguments, we have  

)()( 1,00 tqtB = © +)(1 tB )(2,0 tq © +)(2 tB )(14,0 tq © )(14 tB  
)()( 0,11 tqtB = © +)(0 tB )(3,1 tq © )(3 tB  
)()( 4,22 tqtB = © +)(4 tB )(5,2 tq © 25 )( WtB +  
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)()( 6,33 tqtB = © +)(6 tB )(7,3 tq © 37 )( WtB +  
)()( 1,44 tqtB = © +)(1 tB )(8,4 tq © +)(8 tB )(9,4 tq © 49 )( WtB +  
)()( 8,55 tqtB = © 58 )( WtB +  
)()( 0,66 tqtB = © +)(6 tB )(10,6 tq © +)(10 tB )(11,6 tq © 611 )( WtB +  
)()( 10,77 tqtB = © 710 )( WtB +  

)()( 3,88 tqtB = © +)(3 tB )(12,8 tq © 812 )( WtB +  
)()( 1,99 tqtB = © +)(1 tB )(12,9 tq © 912 )( WtB +  

)()( 2,1010 tqtB = © 13,102 )( qtB + © 1013 )( WtB +  
)()( 0,1111 tqtB = © +)(0 tB )(13,11 tq © 1113 )( WtB +  
)()( 3,1212 tqtB = © 123 )( WtB +  
)()( 2,1313 tqtB = © 132 )( WtB +  
)()( 0,1414 tqtB = © 140 )( WtB +                                                                            (6.1-6.15) 

where, 
)()2exp()()(

2

32 tFttWtW α−==  ,  )()2exp()()(
2

64 tHttWtW α−==  

)()2exp()()(
2

119 tKttWtW α−==  ,  )()()( 75 tFtWtW ==  

)()()( 108 tHtWtW ==  ,  )()()( 1312 tKtWtW ==  ,  )()(14 tVtM =  
Taking the Laplace transform of above equations and solving for )(0 sB∗ . And 
omitting the argument )(s  for brevity we obtain    

)(
)(

)(
2

3
0

sD
sN

sB =∗                                                                                                       (6.16)  

The steady state Busy period , when the system starts from iS , is obtained as follows : 

2

3

2

3
000 )0(

)0(
)(lim)(

D
N

D
N

ssBB
S

=
′

==∞ ∗

→
                                                                       (6.17) 

Where,  

].)())((
)()(

)[1(
}]))((

)1({)[(
])}()))(((
)1({))(1()[(

136013,1011,613,1011,613,11361212,912,84912,84124

1060368412410113611,68949241313,10

1212,8737636525424832100114,0

1313,1010,613,1013,1011,613,11361111,636

1010,636367376363021414,09149411024

9849241212,812,9494112,82412,8525424

412482130114914941102414,06011,60,11363

µµ
µµµµµµµ

µµµµµµµµ
µµ

µµµµµ
µµµµµ

µµµ

PPPPPPPPPPPPP
PPPPPPPPP

PPPPPPPP
PPPPPPPPP

PPPPPPPPPPPP
PPPPPPPPPPP

PPPPPPPPPPPPPPN

−−+−+−

−−−+−++

+++++++−−+

++−++

+−+++−++

−−−+−+++

−+−+−+=

 

 
7.Expected number of visits by the repairman 
    We defined )(tVi as the expected number of visits by the repairman in ( ]t,0 , given 
that the system initially starts from regenerative state iS . By probabilistic arguments 
we have the following recursive relations:   
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)())(()](1)[)(()())(()( 1414,022,011,00 tVstQtVstQtVstQtV +++=   
)](1)[)(()())(()( 33,100,11 tVstQtVstQtV ++=  

)())(()())(()( 55,244,22 tVstQtVstQtV +=  
)())(()())(()( 77,366,33 tVstQtVstQtV +=  

)())(()())(()())(()( 99,488,411,44 tVstQtVstQtVstQtV ++=  
)())(()( 88,55 tVstQtV =  

)())(()())(()())(()( 1111,61010,600,66 tVstQtVstQtVstQtV ++=  
)())(()( 1010,77 tVstQtV =  

)())(()())(()( 1212,833,88 tVstQtVstQtV +=  
)())(()())(()( 1212,911,99 tVstQtVstQtV +=  

)())(()())(()( 1313,1022,1010 tVstQtVstQtV +=  
)())(()())(()( 1313,1100,1111 tVstQtVstQtV +=  

)())(()( 33,1212 tVstQtV =  
)())(()( 22,1313 tVstQtV =  
)())(()( 00,1414 tVstQtV =                                                                                     (7.1-7.15) 

Taking the Laplace- Stieltjes transform of these relation and solve for )(~
0 sV and 

omitting the argument s for brevity , we obtain:- 

)(
)()(~

2

4
0 sD

sNsV =                                                                                                         (7.16) 

In the steady state, the number of visits per unit time is given by 

2

4
00

0
0 )(~lim

)(
lim

D
NSVS

t
tV

V
St

==⎥⎦
⎤

⎢⎣
⎡=

→∞→
                                                                      (7.17) 

Where,  
))(1()1){(( 91494114,001100224100114,06011,60,11364 PPPPPPPPPPPPPPPN +−−−+−−+=

 

8.Expected frequency of preventive maintenance  
    We defined )(tNip as the expected frequency of preventive maintenance in ( ]t,0 , 
given that the system initially starts from regenerative state iS . By probabilistic 
arguments we have the following recursive relations:   

)())(()())(()())(()( 1414,022,011,00 tNstQtNstQtNstQtN pppp ++=   
)())(()())(()( 33,100,11 tNstQtNstQtN ppp +=  
)())(()())(()( 55,244,22 tNstQtNstQtN ppp +=  
)())(()())(()( 77,366,33 tNstQtNstQtN ppp +=  

)())(()())(()())(()( 99,488,411,44 tNstQtNstQtNstQtN pppp ++=  
)())(()( 88,55 tNstQtN pp =  

)())(()())(()())(()( 1111,61010,600,66 tNstQtNstQtNstQtN pppp ++=  
)())(()( 1010,77 tNstQtN pp =  

)())(()())(()( 1212,833,88 tNstQtNstQtN ppp +=  
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)())(()())(()( 1212,911,99 tNstQtNstQtN ppp +=  
)())(()())(()( 1313,1022,1010 tNstQtNstQtN ppp +=  
)())(()())(()( 1313,1100,1111 tNstQtNstQtN ppp +=  

)())(()( 33,1212 tNstQtN pp =  
)())(()( 22,1313 tNstQtN pp =  

)](1)[)(()( 00,1414 tNstQtN pp +=                                                                         (8.1-8.15) 

Taking the Laplace- Stieltjes transform of these relation and solve for )(~
0 sN p and 

omitting the argument s for brevity , we obtain:- 

)(
)(

)(~

2

5
0 sD

sN
sN p =                                                                                                       (8.16) 

In the steady state, the number of visits per unit time is given by 

2

5
00

0
0 )(~lim

)(
lim

D
N

sNs
t

tN
N pS

p

tp ==⎥
⎦

⎤
⎢
⎣

⎡
=

→∞→
                                                              (8.17) 

Where , 
)]())}((1{[ 91494110246011,60,1191494110243614,05 PPPPPPPPPPPPPPPN ++++−=  

 
9.cost analysis  
      To compute the profit incurred to this system , we have expected total profit in 
( ]t,0  equal expected total revenue in ( ]t,0  minus expected total repair in ( ]t,0  minus 
expected cost of visits by repairman in ( ]t,0  minus expected cost of frequency of 
preventive maintenance in ( ]t,0 . 
The expected profit per unit time in steady state is 

 )(lim)(lim 2

0
sGS

t
tGG

St

∗

→∞→
=⎥⎦

⎤
⎢⎣
⎡=                                                                                 (9.1) 

Profit = total revenue -  total cost                                                                             (9.2) 
=)(tG )()()()( 03020100 tNCtVCtBCtAC p−−−                                                        (9.3) 

α  Profit (1) Profit (2) Profit (3) Profit (4) 
0.1 14.76665 14.57549 14.27075 12.62058 
0.2 10.77876 10.61689 8.681562 8.095967 
0.3 7.599645 7.48833 5.984835 5.733998 
0.4 5.51014 5.439107 4.447025 4.322053 
0.5 4.14842 4.102896 3.457097 3.387555 
0.6 3.223135 3.19309 2.764077 2.722054 
0.7 2.562702 2.542171 2.249034 2.221977 
0.8 2.069781 2.05529 1.849022 1.830729 
                              Table 2. 
Where, 

0C  is revenue per unit up – time. 

1C  is cost per unit time for repairing the unit . 

2C  is cost per visit by the repairman . 

3C  is cost per preventive maintenance. 
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Figure 2. Comparison of availability 

 

Comparison of profit
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Figure 3. Comparison of  profit 
 
10. Comparison of availability and profit due to changeover of units and effect     
       the preventive maintenance. 
Suppose that 

)2exp()(
2atattg −=   ,  )2exp()(

2btbttf −=   ,  )2exp()(
2ctctth −=  

)2exp()(
2dtdttk −=   ,  )2exp()(

2tttu ββ −=  ,   )2exp()(
2tttv λλ −=  

where the parameters a , b , c , d , βλ ,  and some others have been fixed as 

10,2
3,20,45.0,01.0,50.0,40.0,30.,25.

32

10

==
=========

CC
CCqpdcb βλ

  

Then the values of availability and profit are obtained in four cases. 
Case 1:  when changeover of units and preventive maintenance are allowed 
             Setting the changeover parameter at 20.0=a , the values of  
             availability (1) and profit (1) for different values of the failure 
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             rate )(tα are shown in Table 1.& Table 2. 
 
Case 2:  when preventive maintenance is allowed and changeover of units are 
              not allowed 
             Setting the changeover parameter at 0=a , the values of  
             availability (2) and profit (2) for different values of the failure rate )(tα  
             are shown in Table 1.& Table 2. 
Case 3:  when changeover of units are allowed only . 
             Setting the changeover parameter at 0,0,0,20.0 140,1414,0 ==== µPPa  
             , the values of 
             availability (3) and profit (3) for different values of the failure rate )(tα  
             are shown in Table 1.& Table 2. 
Case 4: when changeover of units and preventive maintenance are not allowed 
             Setting the changeover parameter at 0,0,0 1414,0 === µPa , the values of  
             availability (4) and profit (4) for different values of the failure rate )(tα  
             are shown in Table 1.& Table 2. 
The comparisons of availability and profit of the system in the cases are shown in 
Figs 2 and 3 , respectively. 
 
11. Conclusion 
It is observed that the changeover and preventive maintenance of units increases both 
the availability and profit of the system. 
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