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Abstract:

In this paper, we estimate the parameters of the exponential distribution by least
trimmed squares (TLS), quantile estimation (QE) method, nonlinear least squares
method (NLS) and median - moment method we compare between these methods of
estimation by using sum absolute error of estimates (SAEE) and mean square errors
(MSE).

Introduction:

Exponential distribution plays an important role in life testing and reliability
problems. If failure rate appears to be more or less constant, it would be the most
appropriate choice. Exponential distribution occurs in several context such as waiting
time problems. The probability density function of two parameter exponential

distribution is given by

f(t,a,ﬂ)zéexp{—(t—ﬂ)/a} O<t<oo,a>0 )

=0 other wise

where the parameters a and 3 are interpreted as measure of guarantee and failure rate
respectively. Cohen and Helm (1973) used (BLUE), (MLE), ME, MVUE and MME
to estimate the parameters of the exponential distribution. Jani (1991) obtained the
scale parameter of the exponential distribution by using shrinkage estimators. Siu and
Tso (1996) estimated the parameters of the exponential distribution by the use of
shrinkage and maximum likelihood estimators. Peter (1974) used robust M-estimation
method for the scale parameter exponential distribution. Bayes method of estimation
was used by Rajesh et al (1995) to estimate the parameters of the exponential
distribution.This paper introduces least trimmed squares, quantile estimators and
nonlinear least squares to estimate the parameters of the exponential distribution.

From (1) the cumulative distribution function is given by:

F(t)=1-e /'«



or e P =1-F(1). )
Taking the logrithem of both sides of (2), we have

t=p-alog[l-F(t)] . 3)
Equation (3) can be repersented by y = a +bx, where y=t, a=f4,b=-a
and x =log[1- F(1)].
Least Trimmed Squares (LTS) Method:

The least trimmed squares was introduced by Barnett and Lewis (1984) which was

defined by :
h
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where h=n/2+p/2 = (n+p)/2 , and n is the number of observations, p is the number of
parameters and (1*); <(r*), < .....< (), are the ordered squared residuals ( the
residuals are first squared and then ordered).
Quantile Estimators:
From Enrique and Hadi (1997), Quantile estimation (QE) can be summarized as
follows: Let a ={a,, a3 ,....,0,} be the parameters to be estimated and t;., tn,...,thn
be the order statistics obtained from a random sample from F(t;a), then one can write
F(trn,0 ) = Pin
or
tin=F'(Pi,a) where Pr., =(i-a)/(n+ ) and Pi,=i/(n+1) is the emprical estimator.
In the two parameter exponential distribution (1) the cdf is
Ft;a,B)=1-e 7=
or Pi,=1-e /e

e =1-P

I:n

Taking the logarithm of both sides, we have
(tim - pB)=alog (1-P i)
There are two parameters, so two equations are needed, as follows:

ti:n = ﬂ_alog(l_ pi:n )
tj:n = ﬂ_alog(l_ pj:n )

where 1 <j, eliminating 8 from the system (4), the estimates of o and 3

4)

are given by
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If there are r parameters to be estimated, then there are "C_ elemental estimates.

r
In our case, there are  "C, elemental estimates, for choosing Pi.,, i=1,2,...,n
overall estimates for o and 3 are obtained as

doe =Mmedian(g; ;) (7)

Poe =median (5, ) @®)
where QE repersents the quantile estimate.
As a special case, let i=n/2 and j=3n/4 in the first and second equations of (4) we have
t, =4 —alog(l/2) (4a)
E:n
t3n
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4

=f—-alog(l/4) (4b)

Solving (4a) and (4b), we obtain the estimates of & and S as

a=(t, —t,, )/Log(l/2)
— T:n

ﬁ =2tn t3n
—n j:n

Nonlinear Least Squares (NLS):
From Sindney and Ference (1989) nonlinear least squares estimators can be obtained

as follows. The normal equations for the problem of finding the parameters o and £

to minimize
S(tia. f) =3 (Ri)—expi~(t; = f)/ ) ©)
i=1
The resulting nonlinear normal equations for (9) obtained by taking first partial
derivative with respect to the parameters o and [ respectively, are

i [Ri®—exp (-t —ﬂ)/a}]{é exp{~(t, —ﬂ)/a}} =0
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Newton’s method for system uses then nXn Jacobian matrix in the vector situation
and substitute by the derivative with the inversion of the Jacobian matrix, this method

for finding the solution of the parameters a and £ to the nonlinear system of
equations (9) has the form

B =B —[3(B* "] F(B*")

For k > 1, given the initial approximation B to the solution B, the initial values of B

can be assumed to be zero, where J(t) is the first order derivative of R(t) in the matrix

form is given by:

[OR,(®) aR, (1)
oa op
1=
OR, (1) OR, (1)

| Oa ap |

where R(t) =exp{—(t—- )/}, @zlexp {-t-p)/a},
op «
OR(t) t-
ROL expiett-p)/al
oa a

OR(t) . : o o , th

and is the partial derivative of the reliability function R(t) w.r.t. k

8y
parameter at i"" data point.
Median — First Order Statistics Method (MOS):
The median of exponential distribution is given by:
tg =0 +alog2 (10)
If it is assumed that the observed first order statistic t()is equal to its expected value
That is Et,)=t, or
X, =B +a/n (11)

Solving (10) and (11), will give the following estimates:

4 = tmed _t(l)
log2—1/n
/}:tmed —nt,, log?2

1-nlog?2



where t,., and t,, are the median and the first order statistics of the sample

respectively.
Goodness of Fit:

To compute the accuracy of parameter estimates and reliability function , we use the

mean squared error (MSE) defined by
MSE == 3 Rt )-R(t; .z, B)F
n 55

where, R(t) is actual reliability function, Ii(t) is the estimated reliability function,and
the sum absolute error of estimates (SAEE) is given by:
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where & and ,@ are the estimates of « and g respectively. R; is the reliability

function at the parameters, Iii is reliability function at the estimated parameters. The
minimum value of MSE and SAEE indicate a goodness of the distribution.
Simulation Results:

To examine the goodness of fit of these methods, the mean square errors (MSE)
and sum absolute errors of estimates (SAEE) for each method ware calculated using
1000 replications for each sample size. In this simulation study, we generate a data set

for values of aand g and for samples 10, 20 and 30, the true values of pairs (a, f5):

(1,1), (1,2), (2,2). The generation of random sample by consider that if U is Uniform
(0,1), then X=a + f# Log (1-U) is exponential (a., 3).

Conculusion:

The results are reported in the tables (1), (2) and (3), from the computations, we note
that, the estimate of parameters from the LTS are too close to the true values, and the
values of SAEE and MSE are very small. The parameter estimates from QE are close
to the true values but not as the LTS estimates SAEE and MSE are greater than the
corresponding values from LTS. The values SAEE and MSE from NLS are greater
than the values from LTS and QE methods. Finally, the values of SAEE and MSE are
greater than the corresponding values from LTS, QE and NLS. For the samples of
large size, the values of SAEE and MSE obtained from MOS method are too large,
LTS is the best method of all but MOS method takes little time on computer.



Table (1) The estimates for n =10

Method True values Estimated values
w B a F SAEE MSE
1,1 1 0.99999 0.0002 71x107"°
LTS 1,2 1 1.99999 0.00015 71x10"°
2,2 1.99999 1.99999 0.0001 18x107"°
1,1 0.9988 0.9987 0.0025 11522x10°"°
QE 1,2 0.9998 1.9998 0.0003 284x10°"°
2,2 2.0012 1.9998 0.0007 173x107"°
1,1 0.9987 0.9989 0.0024 9438x10™"°
NLS 1,2 0.9996 1.9996 0.0006 1135x10°"°
2,2 1.9976 1.9984 0.002 5851x10°"°
1,1 0.9028 0.9297 0.1675 458411x10™"
MOS 1,2 0.9028 1.9297 0.13235 4584144x10°"°
2,2 0.9315 1.9479 0.5603 4661486x10"°
Table (2) The estimates for n=20
Method True values Estimated values
w a 7 SAEE MSE
1,1 1 0.9999 0.0001 39X10"°
LTS 1,2 1 1.9999 0.00005 39X10"°
22 2 1.9999 0.00005 1x107°
1,1 0.9983 0.9974 0.0043 38495x10™"
QE 1,2 0.9974 1.9887 0.00825 565385x10°"°
2,2 1.9986 1.9977 0.00185 7339x10™°
1,1 0.9988 1.9987 0.00185 1119x10”
NLS 1,2 0.9988 1.9887 0.00185 1119x10”
2,2 1.9996 1.9885 0.00595 130864x10°"°
1,1 0.9627 0.9237 00594997 130864x10™"
MOS 1,2 0.9627 1.9237 00594997 130864x10™°
2,2 1.9245 1.8486 00594997 130864x10™"°




Table (3) The estimates for n=30

Method True values Estimated values
w B a F SAEE MSE
1,1 0.9999 1 0.0001 7x107"°
LTS 12 0.9999 1.9999 0.00015 67x10™"
22 2.0001 1.9999 0.0001 5x1077
1,1 0.9986 0.9985 0.0029 14529x10°"°
QE 12 0.9993 1.9982 0.0016 15156x107°
22 1.9981 1.9881 0.0069 143369x10°"°
1,1 0.9999 0.9881 0.0029 18357x10™"°
NLS 12 0.9983 1.9983 0.00255 19382x10™"°
22 1.9972 1.9975 0.00265 11201x10°"°
1,1 0.993 0.9207 0.0863 288x10”
MOS 1,2 0.993 1.9207 0.0466501 0.002287875
22 1.986 1.8424 0.0858 2261x10”
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