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SUMM ARY

Sampling theory proves, under certain conditions, that if population has a linear
trend, Yates’s method of end corrections presents a least expected error. If it is a
linear trend with periodic variation, then modified systematic sampling is better,
and in case of a parabolic trend or autocorrelated population, the centered method
is the best.

Several alternatives of systematic sampling and unequal probabili ties
sampling are frequently used. However both may be disturbed by the structure of
the population investigated. Trends, cycles and inappropriate relationship between
variables are present more often that it seems, which could even lead to losses in
accuracy. In both cases, it is necessary to study the relationship between the
sampling plans and the population frame before applying these methods. The main
goal of this research is that it has been done a new computer program in order to
study a new systematic approach and a new indicator to evaluate sampling methods

The posdem software is available; to be used in research projects, for educational
purposes and in the preparatory legwork of the surveys based on samples. The help
files could be used li ke as a book of sampling techniques. Allows one to carry out
sampling plans adapted to each investigation and incorporating the expert
sampling knowledge, without the person carrying out the sampling design,
necessarily needing that knowledge.

Keywords. Systematic sampling, Variable sampling interval, Probabiliti es
proportional to size, Superpopulation model, Computer application: POSDEM.

Note. Due to this paper being a translation of a Spanish text, the authors
apologise for any possible errors in the English grammar.
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1.- Introduction

POSDEM, allows for several sampling methods, answering among other
questions: what is the best sampling plan for a specific population frame?; what is
the sampling size related for a significance level?; what is the mean square error
expected?; what are the units that must be investigated?; what happens if ...?
(Biehler, R.).

With the implementation of a new computer program, POSDEM, long algebraic
processes are not necessary to determine the best method. Quite simply, on a
determined real population we define a superpopulation model upon which we
perform simulations of the sampling process. In both an empirical and particular
form, in each situation one obtain results enabling them to choose and apply the
sampling method. With the confidence that one is using results that could
otherwise be found, but only by using complicated mathematics.

The results obtained with the various available procedures of systematic
sampling could depend of several factors such as the structure of the population
and the hypothesis made (Bellhouse, D.R. and Rao, J.N.K.).

An example has been prepared in order to show the possibiliti es of this software.
This paper examines several sampling methods to know what happens if in the
structure of the population unexpected changes occurs. For instance, it may be
expected that population presents a linear trend but population actually has a
polynomial trend, because there had been changes in the structure of the population
since the last available information. Is there any sampling method robust enough
when the population hypothesis made to apply the sampling methods have
unexpected changes? With this software, this question can be answer. Another
interesting feature is the behaviour of the sampling methods when the degree of
randomness changes.

Considering the observed erratic behaviour, attention has been focussed on the
centered located systematic method, when the sample size increases as well as on
the inconvenient need to differentiate if the sampling interval, k=N/n, is even or
odd. Until now, only the Yates method of extreme corrections eliminated the linear
trend for even or odd values of the sample size. The centered method of Madow
does not eliminate the linear trend when the sampling interval, k, is even, and the
balanced and modified systematic sampling procedures do not eliminate the linear
trend when the number of units in the sample is odd.

Moreover, it has been observed that changes in the error term specifications may
produce some instability in the centered systematic method in respect to the other
methods considered.

2.- Population and methods considered

The population presented by Murthy, M.N. (1967, p.127) and used by
Krishnaiah, P.R. and Rao, C.R. (1988, p.131, population 4), wil l be applicable to
ill ustrate the changes due to the fit of polynomial models with degrees one to five.
The intention is to check how the changes in the specification of the model, in the
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sample size or in the distribution of the random error, affect the mean squared
error. The population considered consists of 128 units from the 1961 census.

The following methods have been analysed: random stratified sampling with one
sample unit per stratum(0), systematic sampling with constant sampling interval
(1), systematic sampling corrected in the extremes of Yates (2), balanced
systematic sampling (3), modified systematic sampling (4), and centered
systematic sampling with the constant interval of Madow (5) (). To these classical
methods we add two new methods: systematic sampling with a variable sampling
interval and its application to the centered method. This method wil l be referred to
as centered systematic sampling with a variable interval (6). We have been
respectful with the numbers that Bellhouse and Rao gave to the methods.

Other methods, like probabiliti es proportional to size sampling methods (
Sánchez-Crespo Rodriguez, J.L.), considered by POSDEM but not directly
relationed with this paper, could be found in the following internet page:
http://www.uniovi.es/~Psi/REMA/v4n2/a2/4tipolog.htm

Systematic sampling with constant interval: The expression used is:

zc= i+ (j-1) k

Where

zc = Value to identify the select units with constant interval.

i= random number of selection . 1 £ i £ k

j= 1,2, ..n. Where n is the sampling size.

k= The size of the groups made for the selection k= N/ n

Balanced systematic sampling: the i systematic sample it is show by the units

i+2jk, 2(j+1)k-i+1 (j=0,...(1/2)n-1/2) for n even and

i+2jk, 2(j+1)k-i+1, i+(n-1)k (j=0,...(1/2)n-3/2) for n odd

Modified systematic sampling: in this case the i systematic sample it is show
by the units

i+jk, N-i-jk+1 (j=0,...(1/2)n-1/2) for n even and

i+jk,N-i-jk+1, i+(1/2)(n-1)k (j=0,...(1/2)n-3/2) for n odd

Centered systematic sampling: when the sampling space is even the samples
are in the position k/2 y k/2+, and one of them is selected with probabilit y 1/2. If k
is odd it is obtained the sample which is in the central position.

End cor rection sampling: The sampling space is formed using the systematic
sampling with constant interval and the estimator is corrected weighting the first
and last units with:

1 £ i £ k.
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The sign + is for the first unit and the - for the last.

With POSDEM is it possible to connect these methods between them. Four basic
methods have been considered: constant interval, variable, balanced and modified.
And they have been to combine with the centered method and with the extreme
corrections making a total of sixteen systematic methods.

The comparison of the systematic centered with a variable sampling interval,
involving the methods of unequal probabilit y sampling, wil l be left for a second
article.

3.- The superpopulation models

With the population considered the best fit corresponds to the polynomial model
with five degrees (P5). Nevertheless it is also possible to suppose that the P1 and
the P2 models represent the population with the purpose to see what would happen
if the hypothesis that we made about the population changes.

    With these models we are able to make a set of random populations that are in
agreement with a patron. In each of these populations so generated it is possible to
obtain all the possible samples and determine the mean square error of the
estimator for different selection procedures. The set of the mean square error so
calculated allows us to compute the expected value of the mean square error and its
variance over the model

The expected values of the mean square error over the superpopulation model for
different sample sizes and degrees of the polynomial models are presented in the
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first table of results. In order to facilitate the reading, the same data is presented by
groups of sample sizes in the second table and in graph one. The results for
expected values coincide with the theoretical ones obtained by Bellhouse, D.R. and
Rao, J.N.K.. The empirical values are obtained for different sampling methods and
population structures. The study of the variation in the random sources of the
models is presented in the third table and in graph two.

4.- Evaluation of sampling methods

To evaluate the sampling methods it is applied a superpopulation model adapted
to each population. So it is avoid the weak results for using just one population.
Some of the methods considered, centered and ends corrections, are biased so it is
necessary to determine the mean squared error (mse).
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POSDEM get the structure of the population fitting the data with the orthogonal
polynomial method. Next the software generate populations defined by the model
calculating the mse for each population and sampling method considered. The
mean of the mse so calculated, over the set of populations generated, wil l be the
approach to the expected value of the mse under the superpopulation model.
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Where g=1,2,...G represents the set of finite populations generated with the
model.

This evaluation procedure assures the link of this work with the work of
Bellhouse, D.R. y Rao, J.N.K. The results obtained for models of degrees one and
two are coincident and let us suppose that for degrees higher it wil l be coincident
also.The symbols used in the results tables will be E*(mse(number)), where E* is
the expected value over the model and number represents the sampling method
considered.

To know in which way POSDEM allows evaluate sampling methods is necessary
to see the next part call mean squared error stability: A new upper confidence limit
to evaluate sampling methods.
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5.- Mean squared error stabili ty: A new upper confidence limit to evaluate
sampling methods.

The variance over the model it is considered the measure of the accuracy for the
mean squared error. And it is done by the following expression:
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It could be observed that if the random error of the model increases then the
centered method became erratic, because the variance over the model increases
too. This is the reason to evaluate the sampling methods using a upper confidence

limit trough the expected mse value  and his deviation .

The expression results +1.96  allows to have a
confidence limit about that the expected error do not wil l be more great that this
upper confidence limit, at least in 95% of 100 populations generated with this
model. So it wil l be choose one or other sampling method considering the expected
value of the mse and his variance.

6.- The or iginal population and its relation to the superpopulation approach

This table is introduced with the purpose to show that the calculations carried out
by the computer program are done correctly.

Table: The mean square error for different methods in the original population
presented by Krishnaiah, P.R. and Rao, C.R. (1988, p.131, population 4)
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The following table and graph shows the relationship between the mean square
error computed in the natural population, the expected value taken over the model
and the variance of the mean square error over the model. If a selection procedure
is chosen regarding the result obtained in columns (1), (2) or (4) we have columns
(5) to (7) that show the preferable method for each hypothesis. The column (4) is a
confidence limit of the mean square error over the model.
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In the example where n=8 the expected value of Centered with Constant interval
is clearly better than the Extreme Corrections. Nevertheless, the variance over the
model is considerably different for these methods and when choosing them with
the proposed Upper Confidence Limit the results become better for the Extreme
Corrections.

Graphicaly could be see the results shows in the tables preceding:
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This graph was derived using a natural population to make a polynomial model
with five degrees and a sampling size equal to eight. Displayed is the mean square
error obtained for two hundred random generations. The natural population could
be considered as one of the 200. There are situations where the two procedures
give the same error or others wherein there is a large gap. If a limit error is used, a
more reali stic measure can be achieved, and a preferable procedure identified for a
specific population structure.

7.- Random error deviation changes

If the hypothesis about the deviation of the random error is modified and put in
another level, for instance from s e =200 to s e =100, then the mean squared error
will show a different behaviour for the sampling selections procedures considered.
In this new situation it is clearly preferable to use the centered systematic sampling
with a constant interval over the extreme corrections procedure. Nevertheless, it is
possible to find some reali sations of the populations where the extreme corrections
give a better result and a smaller error than the centered method, given with the
same population structure. This type of result seems to be erratic and prompts one
to evaluate a confidence limit of the mean square error over a model, in order to
choose the sampling method.
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    8.- Centered systematic sampling with var iable interval

With this method, if the sampling interval k is even, the sampling space is
limited to the two central samples with a probabilit y equal to 1/2 for each. If k is
odd, the sample space wil l consist of the three central one, with probabilit y equal to
1/3. The difference with (5) is the algorithm used to select the index of the units
that wil l be in the sample. This algorithm has been named as "variable sampling
interval". It is important that it maintains the probabili ties and provide the method
with more stability.

For the values k=2 and k=3 this method coincides with the one that has been
called a systematic with variable sampling interval (Sánchez-Crespo Benitez, G.).
The method is introduced as follows: a random number i between 1 and k is
obtained. The rest of the n -1 units in the sample are obtained with the following
rule:

z = i + (j-1). (k+1) - ck

z is the index for the units of the sample.

k = N/n

i is a random number between 1 and k

j = 1, 2, ... is a correlative number

By definition c takes the values c= 0, 1, 2, ... being that,

if z = j.k never has happened, then c = 0

" z = j.k has happened once, then c = 1
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" z = j.k has happened twice, then c = 2

............................................................................................

 

The centered systematic method, with variable sampling interval, could be used
in the following practical way: The complete sample space for the index is
obtained with a constant sampling interval. After that, when k is even the only two
possible samples centrally located are considered (or the three if k is odd). With
this reduced sample space, the variable sampling interval is used. There is a
relationship between this method and the balanced systematic sampling. It is found
that the centered systematic sampling with a variable interval is, when k is even,
equal to a centered systematic sampling with balanced selection. And when k is
odd, the centered systematic sampling with a constant interval is equal to the
centered systematic sampling with balanced selection

9.- Computer simulator of populations structures under the
superpopulation models with POSDEM.

Here the module of simulation of structures is used in the application POSDEM .
This makes it possible to define a superpopulation model, which takes into
consideration the population used, with the expression:

Xu= a0 + a1 U
1+ a2 U

2+ a3 U
3+ a4 U

4+ a5 U
5 + eu

Where
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U represents the units of the population that in this case takes values between 1
and 128.

ai with i=1, 2, 3, 4 and 5 are the parameters computed by the least squared
method.

eu is a random error term where E*(eu)=0; E*(eu ev)=0 with u¹  v; E*(eu
2)= s 2

e,
E* represents the expected values in respect to the model.

The table below shows the estimators obtained for different degrees of the
parabolic model used to represent the population showed by Murthy, M.N.
(1967,p127).

Models a0 a1 a2 a3 a4 a5

P1 149,08 51,38

P2 1.179,16 -3,84 0,368

P3 -83,03 119,02 -1,854 0,0115

P4 728,48 -2,54 2,347 -0,0390 -0,0002

P5 206,39 112,59 -3,803 0,0873 -0,0009 -0,000003
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The results obtained when this model, using the random generation of
populations, must be in agreement with the following theoretical results provides
by Bellhouse, D.R. and Rao, J.N.K:

A) For the linear case:

1) Systematic sampling:

E* Vp ( sisx
�

) = a1 
2 (k2 - 1)/12 +s 2

with  s 2 = s2
e(k - 1)/nk

The first variance component of the estimator is due to the linear trend, and the
second to the random error.

2)  Random sampling:

E* Vp ( srx
�

) = a1 
2 (k - 1) (nk + 1)/12 +s 2

3) Stratified sampling with one unit for stratum: a population with n strata
formed by the next sets, is used:

í 1...ký í k+1,...2ký ,...í (n-1)k+1,...,nký.

E* Vp ( strx
�

) = a1 
2 (k2 - 1)/12n +s 2

It is easy to see that in this case: E* Vp ( stratx
�

)  £  E* Vp ( sisx
�

) £   E* Vp ( srx
�

)

B) For the non linear case:

The following formula is used to check results when the degree of the
polynomial model is two.

E*(mse(2)) – E*(mse(5))= (a2
2/720)(k2-1)(19k2-31)>0 for k odd

The mean square error is used because the centered (method 5) and corrected
(method 2) procedures are biased methods.

10.- Mean squared error estimator with the data from one sample

   A well know result in systematic sampling is:

[ ]rs )1(1)ˆ(
2

-+= n
n

xV

where
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This expression could be calculated if all the sampling space could be done. It
could be easily determine that if is it verified that r  takes a value between
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11.- Comments about the results tables

The points of interest for different sampling selection procedures are the effects
of the changes from the sample size specifications, the degree of the adjusted
polynomial and specifications of the random error. If the population is far from one
specification the method became more erratic, and therefore less robust than the
other methods considered. For example, it could be observed that for a sample size
equal to two, with the assumption of a linear trend, the method (3) presents an
acceptable mean square error. However, if the degree of the polynomial is equal to
two, the method would be quite ineff icient for the increase in the error, in relation
to the other methods considered. Methods (3) and (4) seem to be extremely
influenced by the degree of the polinomic model for any sampling size.

For small samples, between two and four units, the method (2) for polynomial
models higher than two degrees is less efficient than method (5) (see first results
table and graph one). Method (6), in this range, is equal or slightly better than (5).
For sample sizes equal to eight and sixteen the trend is reversed and method (5) is
less efficient than (2) with independence of the polynomial degree. It is important
to note here that again method (6) is equal or slightly better than (2). In the
remainder of tables one and two, it could be observed in general terms that (6) is
better than (2) and (5) for any sample size and structure of the population.

In conclusion, with small samples (5) is better than (2) and this trend is reversed
for large samples. When there is doubt between the application of (5) or (2),
method (6) should be used since it is more convenient and less contradictory than
(5) and (2) in relation to changes in the sampling size.
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The third table shows what happens with the mean square error when the
deviation of the random error changes. In this table the variance of the mean square
error over the superpopulation model is introduced and a new indicator is proposed
in order to evaluate sampling selection procedures. The following expression is

used: CL*= +1.96 . Familiar abbreviations are used.
The main results of table three are shown in graph two.

12.- Conclusions

The main results of this work are:

1.- The implementation of a new computer program to carry out the optimisation
of the sampling selection and to evaluate alternative designs for specific
populations under the superpopulation approach. This program could be useful for
students studying the theory and practice of sampling in finite populations, in both
their basic and advanced versions; for professors that want to provide an
instrument for the empirical investigation over the area of sampling surveys; and
for central statistical offices, companies, or researchers. This new program is
currently available for use on the Internet.
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2.- The results obtained using these sampling methods on various populations,
are in agreement with the theory. However, we found an interesting result:
sampling methods, which are excellent in some situations, are very bad in others.
The new systematic sampling method proposed, centered with variable interval,
behaves well in different situations. In various examples, it reduces the mean
square error by comparison to other systematic procedures considered. This
reduction is due strongly to the variations of the sampling size, the numbers of
groups in the population, or if they are even or odd. This method also works when,
in the population, a structure change occurs. This avoids the risk of choosing a
sampling method which behaves badly if the population has unexpected changes.

3.- In view of the experimental increases in the random nature of the population,
the centered methods presents a small expected error, as the theory says, but with a
large variability, as practice shows. This suggests a new indicator to measure the
sampling error to be used to improve the evaluation of systematic sampling
methods. This indicator is an upper confidence limit of the mean square error
distribution over the superpopulation model. So it is possible to explain and control
the erratic behaviour observed in the centered systematic sampling in relation to
the random term of the considered model.
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Appendix
1.- Random generation of the error in visual-basic.

An important matter is the random generation of the error. At this point the
following algorithm has been used to make a normal distribution with parameters
of mean=M=0 and a deviation equal to S =se

a) The main diagram is:

mean=M Standard deviation=S

For j=1 to N: Z=0
For y=1 to 48:z=z+rnd-.5:next y

z=m+s*z/2
next j

b) The entire formula with the possibilit y to introduce heterocedasticidity is:

Sub valorespob ()
 Dim h, i, te As Integer
  Dim Valor, valornormal As Double
    For h = 1 To gConfiguración.Parámetros_Aleatoria.Intervalos
        Randomize Timer
        For i = gConfiguración.Parámetros_Aleatoria.Inicial(h) To

gConfiguración.Parámetros_Aleatoria.Final(h)
Valor = gConfiguración.Parámetros_Aleatoria.A0(h) +

gConfiguración.Parámetros_Aleatoria.A1(h) * i
Valor = Valor + gConfiguración.Parámetros_Aleatoria.A2(h) * (i ^ 2) +

gConfiguración.Parámetros_Aleatoria.A3(h) * (i ^ 3)
Valor = Valor + gConfiguración.Parámetros_Aleatoria.A4(h) * (i ^ 4) +

gConfiguración.Parámetros_Aleatoria.A5(h) * (i ^ 5)
Valor = Valor + gConfiguración.Parámetros_Aleatoria.A6(h) * (i ^ 6) +

gConfiguración.Parámetros_Aleatoria.A7(h) * (i ^ 7)
Valor = Valor + gConfiguración.Parámetros_Aleatoria.A8(h) * (i ^ 8) +

gConfiguración.Parámetros_Aleatoria.A9(h) * (i ^ 9)
 If gConfiguración.Parámetros_Aleatoria.Período(h) > 0 Then Valor = Valor +

Sin((i * dos_pi) / gConfiguración.Parámetros_Aleatoria.Período(h)) *
gConfiguración.Parámetros_Aleatoria.Ampli tud(h)

 valornormal = 0
  For te = 1 To 48
         valornormal = valornormal + Rnd - .5
   Next te
   valornormal = gConfiguración.Parámetros_Aleatoria.Esperanza_Normal(h) +

(gConfiguración.Parámetros_Aleatoria.Desviación_Normal(h) * (1 + (i *
gConfiguración.Parámetros_Aleatoria.Heterocedasticidad(h))) * valornormal / 2)

   valornormal = Valor + valornormal
   Valores(i).V_Estudio = valornormal
 Next i
 Next h  End Sub
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Graph one.- Expected values of the mean square error for different
specifications of the model and different sampling sizes. P1...P5 shows the fit of
polynomial models with degrees one to five.

Graph two.- Expected value and variance of the mean square error over the
polynomial models with five degrees, for a sampling size equal to 8 and different
specifications for the random error deviation (s e =50, 150, 200, 250 y 300).
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First results table: Expected values of the mean square error, for different
models and sampling sizes, over a set of two hundred random replications and s e=
200. P1...P5 shows the fit of polynomial models with degrees one to five.See graph
one and comments about the results tables.

���

n=2 n=4 n=8 n=16 n=32 n=64

�����	��
 � 
����	� ����������������
 �������	��
��

1,807,470 889,392 430,091 200,803 85,930 28,575

������ !��" #�" $!%'&	" ��(*)�+�$*,�+�" �.-�$��

/10�2�3!0�4�5

468,966 65,925 11,664 3,029 1,051 314

6�7�819�:�;	<!9�= >	>�?�@�819�<�@�9A= @�9�:�B�C�<�D�E�F�G

917,836 234,827 60,567 15,841 4,578 876

H�I�J1K�L�M	N!K�O PRQ�N�S�O N�T�U LRO V�K�L�S�Q�N�U

877,473 184,199 18,911 2,027 1,093 302

WYX�Z�[�\�]R^ [�_R`!a�Z�b1[�\ ^ Z�[�X�c�\�d�e�f ghWY]R`�^

22,316 11,131 5,306 2,914 1,346 876

iYj�k�l�m�nRo l�p	q�r�s�o r�t�m o k�l�j�s�m�u vYw

17,709 8,909 4,738 2,195 838 302

x�y�l�s j�z{jR|!}�s�s j�|!l�o }�k�~{u�•�w €•x�|

27,364 11,086 4,626 2,124 940 283

‚�ƒ�„ ƒ�…�†�‡!ˆŠ‰1‹�‰1Œ�‡�•	ƒ!Œ�Ž †•‰!ƒ�•	•�„ Ž …�‘

’ “�”

20,012 10,009 4,588 2,151 952 302

•	–�—�˜ ™�˜ š!—œ›1•�›1ž�š�Ÿ	 !ž�˜ ¡	›! �Ÿ	¢�£ ˜ ¤�¥§¦ ¨�©

20,012 9,801 4,696 2,273 964 367

ª�«

n=2 n=4 n=8 n=16 n=32 n=64

¬�­�®	¯�° ± ²�³�´	± µ�¶�·�¸�µ�¹�º�¯�° ­�»�º�®	º�²�µ

1,912,055 938,142 454,189 211,761 90,693 30,239

¬�µ�¹�­!µ�± ¼�± º!½'´	± µ�¶*·�²�º*¸�²�± µ.¯�º�¹

¾

µ�¹�­!µ�¸�®

568,945 80,523 13,586 3,284 1,067 329

¬�¿

¾

µ�º�®	­!µ�± »	»�·�²

¾

µ�­�²�µA± ²�µ�º�¹�À�­�°�Á�Â�Ã

928,912 235,137 60,106 15,935 4,418 858

¬�¿

¾

µ�º�®	­!µ�± »RÀ�­�¹�± ­�Ä�° ºR± ²�µ�º�¹�À�­�°

892,343 190,913 24,333 2,387 875 293

ÅYÆ�Ç�È�É�ÊRË È�ÌRÍ!Î�Ç�Ï1È�É Ë Ç�È�Æ�Ð�É�Ñ�Ò�Ó ÔhÅYÊRÍ�Ë

33,236 9,828 5,296 2,324 1,599 858

ÅYÆ�Ç�È�É�ÊRË È�Ì	Õ�Ö�Ð�Ë Ö�×�É Ë Ç�È�Æ�Ð�É�Ñ ØYÓ

36,112 10,560 4,631 2,234 1,016 293

Ù�Ú�È�Ð Æ�Û{ÆRÍ!Î�Ð�Ð Æ�Í!È�Ë Î�Ç�Ï{Ñ�«�Ó Ô•Ù�Í

101,332 14,417 5,016 2,043 913 299

Ü�­�° ­�²�»�º!½

¾

¿

¾

µ�º�®	­!µ�± »

¾

­�®	¯�° ± ²�³

Á Ý�Ã

221,264 21,372 5,338 2,175 993 293

Þ	·�½�± ¼�± º!½

¾

¿

¾

µ�º�®	­!µ�± »

¾

­�®	¯�° ± ²�³§Á ß�Ã

221,264 56,899 16,772 5,117 1,711 465

ªRà

n=2 n=4 n=8 n=16 n=32 n=64

¬�­�®	¯�° ± ²�³�´	± µ�¶�·�¸�µ�¹�º�¯�° ­�»�º�®	º�²�µ

2,007,522 989,823 478,829 223,067 95,740 31,820

¬�µ�¹�­!µ�± ¼�± º!½'´	± µ�¶*·�²�º*¸�²�± µ.¯�º�¹

¾

µ�¹�­!µ�¸�®

908,524 155,275 24,111 4,512 1,212 349

¬�¿

¾

µ�º�®	­!µ�± »	»�·�²

¾

µ�­�²�µA± ²�µ�º�¹�À�­�°�Á�Â�Ã

1,496,334 417,512 109,196 27,021 6,755 1,559
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���������
	��
��� ���
�
��� ���
� ��� �
���
���
�
�

1,468,792 344,809 32,764 2,316 874 290

�����
������� �� �!
"���#���� � �
����$��&%�'&( )*����!
�

33,220 12,658 6,183 3,040 2,322 1,559

�����
������� �� �+
,�$�� ,�-�� � �
����$��&% .�(

33,567 9,753 4,644 1,931 982 290

/
0
��$ ��12��!
"�$�$ ��!
��� "���#2%�3&( )4/�!

144,150 32,342 7,210 2,193 881 321

5��
� �
���
�
67���������
	��
��� �8�
�
	�9�� � �
:

; <�=

219,826 22,378 5,533 1,961 953 290

>�?
6&� @�� �
6A���������
	��
��� ���
�
	�9�� � �
:B; C&=

219,826 58,541 17,055 5,264 1,748 468

D�E

n=2 n=4 n=8 n=16 n=32 n=64

F&G
H�I�J K L
MON�K P�Q�R�S
PUT�V
I�J G
W
V
H�V
L
P

2,043,795 1,001,458 485,771 226,754 97,323 32,366

F�P�T�G
P�K X�K V
YZN�K P�Q[R�L�V[S�L�K P\I�V
T

]

P�T�G
P�S�H

945,669 184,749 29,631 5,379 1,315 349

F�^

]

P�V
H�G
P�K W�W
R�L

]

P�G�L
P_K L
P�V
T�`
G
J�a�b
c

1,590,946 423,138 109,281 27,456 7,311 1,417

F�^

]

P�V
H�G
P�K W�`
G
T�K G�d
J V�K L
P�V
T�`
G
J

1,560,935 351,663 39,008 4,321 984 304

e�f�g
h�i�j�k h�l�m
n�g�o�h�i k g
h�f�p�i&q�r&s t*e�j�m
k

136,220 20,771 7,034 3,350 2,173 1,417

e�f�g
h�i�j�k h�l�u
v�p�k v�w�i k g
h�f�p�i&q x�s

133,559 19,783 5,456 2,007 901 304

y
z
h�p f�{2f�m
n�p�p f�m
h�k n�g�o2q�|&s t4y�m

123,425 39,740 8,477 2,309 1,003 238

}�G
J G
L�W
V
Y

]

^

]

P�V
H�G
P�K W

]

G
H�I�J K L
M

a ~�c

285,637 114,280 13,567 2,670 916 304

•�R
Y&K X�K V
Y

]

^

]

P�V
H�G
P�K W

]

G
H�I�J K L
MBa €&c

285,637 88,042 24,273 6,983 2,011 783

DOr

n=2 n=4 n=8 n=16 n=32 n=64

F&G
H�I�J K L
MON�K P�Q�R�S
PUT�V
I�J G
W
V
H�V
L
P

2,053,174 1,005,942 489,349 227,754 98,146 32,667

F�P�T�G
P�K X�K V
YZN�K P�Q[R�L�V[S�L�K P\I�V
T

]

P�T�G
P�S�H

907,932 206,361 36,596 6,364 1,459 363

F�^

]

P�V
H�G
P�K W�W
R�L

]

P�G�L
P_K L
P�V
T�`
G
J�a�b
c

1,497,070 474,571 129,125 32,926 8,615 2,165

F�^

]

P�V
H�G
P�K W�`
G
T�K G�d
J V�K L
P�V
T�`
G
J

1,460,596 409,723 47,769 5,224 1,000 322

e�f�g
h�i�j�k h�l�m
n�g�o�h�i k g
h�f�p�i&q�r&s t*e�j�m
k

134,145 22,177 6,781 4,005 2,514 2,165

e�f�g
h�i�j�k h�l�u
v�p�k v�w�i k g
h�f�p�i&q x�s

135,632 20,430 5,432 1,949 1,030 322

y
z
h�p f�{2f�m
n�p�p f�m
h�k n�g�o2q�|&s t4y�m

90,126 47,207 11,213 2,758 1,042 349

}�G
J G
L�W
V
Y

]

^

]

P�V
H�G
P�K W

]

G
H�I�J K L
M

a ~�c

283,291 111,368 13,480 2,588 971 322

•�R
Y&K X�K V
Y

]

^

]

P�V
H�G
P�K W

]

G
H�I�J K L
MBa €&c

283,291 87,113 24,573 6,868 2,232 587
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Second results table: Expected values of the mean square error, over different
models and sampling sizes. Ordered by sampling size. (s e= 200). P1...P5 shows
the fit of polynomial models with degrees one to five.See graph one and comments
about the results tables.

�����

P 1 P 2 P 3 P 4 P 5

���	�	
��	�
��� ��� 
�� �	������
�� � �	
��	���

� ��� �! �"$#�%

22,316 33,236 33,220 136,220 134,145

&('�)	*
'�+ '�,�-/. *�0/1	2�+
. 2�3�4 . )	*
'�+�465 7(8

17,709 36,112 33,567 133,559 135,632

9�:	;�<
=	>�=�?	@�<
<
=	?�;�A @�B�C�D E�F GH9	?

27,364 101,332 144,150 123,425 90,126

I�J	K J	B�?	=�LMC�N�C�;�=	>�J�;�A ?�C�J	>�O�K A B	PQD R�F

20,012 221,264 219,826 285,637 283,291

S�@	L6A T�A =�LMC�N�C�;�=	>�J�;�A ?�C�J	>�O�K A B	PUD V6F

20,012 221,264 219,826 285,637 283,291

W�XZY

P 1 P 2 P 3 P 4 P 5

[�=	B	;�=	<
=�L \�A ;�] ?	@�B�C�;�^ A B	;�=	<�^

D _�F G![�\$?�A

11,131 9,828 12,658 20,771 22,177

`(a

W	b

a�c a�d�e/f

b�g/h	i

c
f

i�j�k

f

W	b

a�c

k6l m(n 8,909 10,560 9,753 19,783 20,430

9�:	;�<
=	>�=�?	@�<
<
=	?�;�A @�B�C�D E�F GH9	?

11,086 14,417 32,342 39,740 47,207

I�J	K J	B�?	=�LMC�N�C�;�=	>�J�;�A ?�C�J	>�O�K A B	PQD R�F

10,009 21,372 22,378 114,280 111,368

S�@	L6A T�A =�LMC�N�C�;�=	>�J�;�A ?�C�J	>�O�K A B	PUD V6F

9,801 56,899 58,541 88,042 87,113

W�X$o

P 1 P 2 P 3 P 4 P 5

[�=	B	;�=	<
=�L \�A ;�] ?	@�B�C�;�^ A B	;�=	<�^

D _�F G![�\$?�A

5,306 5,296 6,183 7,034 6,781

`(a

W	b

a�c a�d�e/f

b�g/h	i

c
f

i�j�k

f

W	b

a�c

k6l m(n 4,738 4,631 4,644 5,456 5,432

9�:	;�<
=	>�=�?	@�<
<
=	?�;�A @�B�C�D E�F GH9	?

4,626 5,016 7,210 8,477 11,213

I�J	K J	B�?	=�LMC�N�C�;�=	>�J�;�A ?�C�J	>�O�K A B	PQD R�F

4,588 5,338 5,533 13,567 13,480

S�@	L6A T�A =�LMC�N�C�;�=	>�J�;�A ?�C�J	>�O�K A B	PUD V6F

4,696 16,772 17,055 24,273 24,573

W�XMp	m

P 1 P 2 P 3 P 4 P 5

[�=	B	;�=	<
=�L \�A ;�] ?	@�B�C�;�^ A B	;�=	<�^

D _�F G![�\$?�A

2,914 2,324 3,040 3,350 4,005

`(a

W	b

a�c a�d�e/f

b�g/h	i

c
f

i�j�k

f

W	b

a�c

k6l m(n 2,195 2,234 1,931 2,007 1,949

9�:	;�<
=	>�=�?	@�<
<
=	?�;�A @�B�C�D E�F GH9	?

2,124 2,043 2,193 2,309 2,758
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����� �������
	���
����������
��� ���
������� � ����� ���

2,151 2,175 1,961 2,670 2,588

����	�� ��� �
	���
����������
��� ���
������� � �����  ��

2,273 5,117 5,264 6,983 6,868

!#"%$'&

P 1 P 2 P 3 P 4 P 5

('��������)*�
	 +�� ��, ���������.- � ������)�-

� /�� 01(#+2���

1,346 1,599 2,322 2,173 2,514

354

!�6

4�7 4�8�9;:

6�<;=�>

7*:

>�?�@

:

!�6

4�7

@�A B5C 838 1,016 982 901 1,030

D
E���)*����������)*)*���
��� ������� F�� 0GD��

940 913 881 1,003 1,042

����� �������
	���
����������
��� ���
������� � ����� ���

952 993 953 916 971

����	�� ��� �
	���
����������
��� ���
������� � �����  ��

964 1,711 1,748 2,011 2,232

!#"2B�H

P 1 P 2 P 3 P 4 P 5

('��������)*�
	 +�� ��, ���������.- � ������)�-

� /�� 01(#+2���

876 858 1,559 1,417 2,165

354

!�6

4�7 4�8�9;:

6�<;=�>

7*:

>�?�@

:

!�6

4�7

@�A B5C 302 293 290 304 322

D
E���)*����������)*)*���
��� ������� F�� 0GD��

283 299 321 238 349

����� �������
	���
����������
��� ���
������� � ����� ���

302 293 290 304 322

����	�� ��� �
	���
����������
��� ���
������� � �����  ��

367 465 468 783 587

Third results table: Confidence limit of the mean square error over the model.
Expected value and variance of the mean square error over a polynomial model
with degree five for a sampling size equal to 8 and different specifications of the
random error deviation ( s e= 50, 150, 200, 250 y 300). See graph two and
comments about the results tables.

ss IKJ�L5M

E*(mse) V*(mse) CL*=E*(mse)+2*

NPO�Q�R.O�S*O�T UWV R.X Y�Z5Q�[�R�\*V Q�R.O�S�\

]*^#_ `ba#ced�f

2412 1308214 4699

g%h�i�j.h�k�h�lemen j�oep5q�k�n q�r's n i�j.h�k.s#t uwv

1146 537681 2613

x�y�z�{*|�}�|�~�•'{�{*|�~�z�€ •'•�‚eƒ „#… †‡x�~

6857 469300 8228

ss ˆK‰WŠ�‹#‹

E*(mse) V*(mse) CL*=E*(mse)+2*

Œ

|�•�z.|�{*|�• ŽW€ z.• ~�•5•�‚�z�•*€ •�z.|�{�•

ƒ*‘#… †

Œ

Že~�€

3407 5551375 8119
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�����������	��

�
� ���
�����	� ����� � ����������� ���

1946 2006160 4779

����� �"!�#$!&%�'��	�"!�%�� ( '�)�*
+ ,�- ./��%

7606 1619986 10151

ss
�1032�4�5

E*(mse) V*(mse) CL*=E*(mse)+2*

6

!�)���!��"!�7 83( ��9 %�'�)�*�� :"( )���!���:

+";�- .

6

8
%�(

4312 20595906 13388

�����������	��

�
� ���
�����	� ����� � ����������� ���

3423 12149275 10394

����� �"!�#$!&%�'��	�"!�%�� ( '�)�*
+ ,�- ./��%

9447 6247733 14446

ss
�10&<�5�5

E*(mse) V*(mse) CL*=E*(mse)+2*

6

!�)���!��"!�7 83( ��9 %�'�)�*�� :"( )���!���:

+";�- .

6

8
%�(

6781 38985713 19268

=?>�@�A�>�B">�C&D3E A�F
G�H�B	E H�I�J"E @�A�>�B�J�K L�M

5432 28757789 16157

N�O

A B">�P$>&Q�R�B	B">�Q�A E R�@�S
K T�M U

N

Q

11213 8841197 17159

ss V1W&X�Y�Z

E*(mse) V*(mse) CL*=E*(mse)+2*

=?>�@�A�>�B">�C D3E A�F Q�R�@�S�A J"E @�A�>�B�J

K"[�M U\=�D
Q�E

10069 82019657 28182

]

V�^�_�V�`	V�a
b
c _�d
e�f�`	c f�g�h c ^�_�V�`�h�i j�k

8669 65641842 24873

N�O

A B">�P$>&Q�R�B	B">�Q�A E R�@�S
K T�M U

N

Q

14443 20746505 23553

ss V1W$l�Z�Z

E*(mse) V*(mse) CL*=E*(mse)+2*

=?>�@�A�>�B">�C D3E A�F Q�R�@�S�A J"E @�A�>�B�J

K"[�M U\=�D
Q�E

15405 245961297 46771

]

V�^�_�V�`	V�a
b
c _�d
e�f�`	c f�g�h c ^�_�V�`�h�i j�k

12193 154397365 37044

N�O

A B">�P$>&Q�R�B	B">�Q�A E R�@�S
K T�M U

N

Q

17650 25928618 27834
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