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Abstract

In this paper, we present some methods for estimating Weibull parameters,
namely, shape parameter (b ) and scale parameter (h ). The Weibul distribution isan
important distribution especialy for reliability and maintainability analysis. The
presented methods can be classified into two categories. graphica and anaytical
methods. Computational experiments on the presented methods are reported.

1. Graphical Methods

Usually, the graphical methods are used because of their ssimplicity and
speed. However, they involve agreat probability of error. Next we discuss two main
graphical methods.

1.1 Weibull Probability Plotting

The Weibull distribution density function (Mann et a. (1974)) isgiven by:
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The cumulative Weibull distribution function is given by:

X-9 .

F(x)=1-e " (2)

where; b is the shape parameter, h isthescale parameter,and g isthelocation
parameter.

To come up with the relation between the CDF and the two parameters
(b ,h ), wetake the double logarithmic transformation of the CDF.

From (2) and letting 9 = 0, we have
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The last equation isan equation of astraight line. To plot F(X) versus X ,we
apply the following procedure:

1. Rank failure timesin ascending order.
2. Egtimate F(x) of thei® failure.

3. Plot F(x) vs. X inthe Weibull probability paper.
To estimate F(x)in (2 and 3) above, we may use one of thefollowing
methods presented in Table 1 where N is number of data points.

Method F(x,)
Mean Rank i
n+1
Median Rank i-0.3
n+0.4
Symmetrical CDF i- 0.5
n

Table 1. Methods for estimating F(x;) .

1.2 Hazard Plotting Technique

The hazard plotting technique is an estimation procedure for the Weibull
parameters. This is done by plotting cumulative hazard function H(x) against failure
times on a hazard paper or asimplelog-log paper.

The hazard function is given below:

h(x) = ("



The cumulative hazard function is given below:
N _ ¢ X\b
H(x) =g h(x) —(h—) (3)
We can transform (3) by taking the logarithm as follows

InH(x)=b{Inx- Inh}

Inx:%InH(x)+Inh (4)

From (4), we can then plot In H(x) versus In x using the following procedure:

Rank the failure timesin ascending order.

2. For each failure, calculatepy - — 1
" (n+1)-1

3. For eachfailure, calculate H = DH, + DH , + »o¢ DH,

4. Plot In H vs Inx.
5. Fitastraight line.
Upon completing the plotting, the estimated parameters will be as follows:
b = i = 1
y dope
aH=1 h=x

2. Analytical Methods

Due to the high probability of error in using graphical methods, we prefer to
use the anaytica methods. This is motivated by the availability of high-speed
computers. In the following, we discuss some of the analytical methods used in
estimating Weibull parameters.

2.1 Maximum Likelihood Estimator (MLE)

The method of maximum likelihood (Harter and Moore (1965a), Harter and
Moore (1965b), and Cohen (1965)) isacommonly used procedure because it has
very desirable properties. Let %, x,, .., X, bearandom sampleof size N drawn

from aprobability density function fx(xd) where q isanunknown parameter. The
likelihood function of this random sample is the joint density of the n random
variables and is afunction of the unknown parameter. Thus

L =0 fy, (x.) 5)



is the likelihood function. The maximum likelihood estimator (MLE) of q ,say q |,
is the value of g that maximizes L or, equivalently, the logarithm of L . Often, but
not aways, the MLE of g isasolution of
dlogL _
=0
dq

where solutionsthat are not functions of the samplevalues x., x,, ..., X, are
not admissible, nor are solutions which are not in the parameter space. Now, we are
going to apply the MLE to estimate the Weibull parameters, namely the shape and
the scale parameters. Consider the Weibull pdf given in (1), then likelihood function
will be
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On taking the logarithms of (6), differentiating with respecttob and h inturn and
equating to zero, we obtain the estimating equations
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On eliminating h between these two equations and ssimplifying, we have
g b
&- L- ién_ Inx. =0
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which may be solved to get the estimate of m, =b . This can be accomplished by the
use of standard iterative procedures (i.e., Newton-Raphson method). Once b is
determined, h can be estimated using equation (8) as

4 x
ho= (10)

n

2.2 Method of Moments (MOM)

The method of moments is another technique commonly used in the field of
parameter estimation. If the numbers x, x., ..., X, represent aset of data, then an
unbiased estimator for the k™ origin moment is

=4 x (11)

where. m,  stands for the estimate of Mk . In Weibull distribution, the k' moment
readily followsfrom (1) as



1.+ k
m = (h_b) G+ F) (12)
where G signifies the gammafunction
Q9) = X ‘e "dx(s>0)
Then from (12), we can find the first and the second moment as follows
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When we divide M, by the square of m,, we get an expression which isafunction of
b only
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On taking the square roots of (15), we have the coefficient of variation
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oV =
G+ bi) (16)

Now, we can form a table for various CV by using (16) for differentb
values. In order to estimate b and h , we need to calculate the coefficient of
variation (CV )q of the data on hand. Having donethis, we compare (CV )q with
CV using the table. The corresponding b is the estimated one (6 ). The scale
parameter (h ) can then be estimated using the following

K = {x—/G[(l/tf) + 1]}5
where X isthe mean of the data.

2.3 Least Squares Method (L SM)

The third estimation technique we shall discussis known as the Least Squares
Method. It is so commonly applied in engineering and mathematics problems that is
often not thought of as an estimation problem. We assume that a linear relation
between the two variables (see section 1). For the estimation of Weibull parameters,
we use the method of least squares and we apply it to the results of section 1. Recall
that

In In[

1_F(X)]:blnx—blnh (17)



Equation (17) isalinear equation Now, we can write
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From equations (18)-(21), we can calculate the estimate of b and h .

3. Numerical Example

In order to illustrate and compare the methods described earlier, we have
coded the three analytical methods MLE, MOM and LSM in BASIC Language and we
have used aPentium PC with 133MHz . To compare the three methods, we used the
MSE (Mean Squared Error) test. M SE can be calculated as below

MSE =8 (F(x)- F(x)}’ (22)

i- 0.3
n+0.4

where F(X)—l gl 1 /D" and F (X)) =

Example 1:
Consider the following example where X represents thei™ failure time.
Table 2. Datafor example 1.

X
0.438
2.413
3.073
3.079
3.137
3.198
3.918
4.287
4.508
4.981
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11 5.115
12 5.592
13 5.848
14 5.958
15 6.013

Table 3 below shows the complete results of the estimates of the shape and scale
parameters and the mean squared error (M SE) for each method.

Table 3. Results of example 1.

Method b h MSE

MLE 2.923 4552 3.57 10°¢
MOM 2.941 4587 3.17° 1078
LSM 1.8515 4.756 8.47 103

Since MOM has the minimum MSE, then b =2.941 and k =4.587.

In comparing our results with the well-known software called
STATGRAPHICS, we found that STATGRAPHICS isusing the MLE and our MLE
estimates are exactly the same as the estimates of STATGRAPHICSs MLE.
However, we have the advantege of having different estimates for different methods
and the ability of choosing one of them.

4. Computational Results

The objective of our experiments isto compare the three methods namely,
LSM, MLE and MOM. We have generated random samples with known parameters.
For each sample, we have varied the size from 20 to 100. To be able to compare, we
calculated the total deviation (TD) for each method as follows:
R
where; b and n are the known parameters,and v and v are the estimated parameters
by any method.

D

Table 4 shows the complete results. Thelast column of the table showsthe
best method which yields the minimum total deviation. Notice that the maximum TD
is 0.55 for al methods. This meansthat at the worst case the estimated parameters
arewithin +50% of their actual values.

Table 5 shows a summary of theresults of Table4. Asit isobviously seen,
MOM isthe best method. MOM achieves the best estimate 12 times out of 25 which



is approximately 50% of the time. Its average deviation from the actual valuesis
17% with a standard deviation of 14% which isquite good. MOM achieves good
results because it involves more calculations and require more computation time
than LSM or MLE. However, for a sample of size 100, MOM takes only few
seconds.

Table 4. Comparison between LSM, MLE and MOM

n S LSM MLE MOM Best
b h i b h D b h TD | b h D
z
e
1] 1 10 20 134 7.08 | 0.63 122 7.3 05 | 11 7.09 04 | MOM
40 085 [ 109 | 024 094 10.74 | 013 | 0.98 10.8 01 | MOM
60 084 | 1217 | 037 0.926 1187 | 026 | 0.4 119 025 | MOM
80 107 | 1083 | 0.16 111 10.8 021 ] 115 10.9 024 | LSM
100 | 087 | 1118 | 0.24 0.93 1097 | 0.16 | 0.93 10.8 0.15 | MOM
2| 23| 145 20 236 | 1803 | 027 2.7 1784 | 041 | 27 1781 04 LSM
40 34 1551 | 055 3.3 1558 | 051 | 333 | 1552 | 052 | MLE
60 219 | 1325 | 013 2.38 1318 | 013 ] 235 | 1316 | 011 | MOM
80 243 | 139.06 | 0.09 2.25 1405 | 005] 225 | 1401 | 005 | MLE

100 | 244 | 1569 | 014 2.62 1556 | 021 | 26 155.6 02 | MOM

3| 29| 37 20 291 | 3587 | 001 3.35 3549 |1 016 | 333 | 3541 [ 015 | LSM

332 | 3657 | 014 3.6 3641 | 025 34 | 3636 [ 019 | LSM

263 | 3738 | 013 2.95 3705 | 005| 29 | 3704 [ 004 | MOM

262 | 37304 | 014 3.03 3678 | 007 | 30 | 3678 [ 006 | MOM

100 2.7 3676 | 01 3.02 3637 | 006 | 30 3674 | 005 | MOM

4 | 35 | 1270 20 377 | 12764 | 0.08 44 12703 | 027 | 41 | 12646 [ 019 | LSM
312 | 1200 | 0.16 357 11924 | 008 | 34 | 11896 [ 009 | MLE

307 | 1250.7 | 0.13 33 12485 | 006 | 32 | 12453 | 01 MLE

3.09 | 13045 | 0.14 3.8 12828 | 01 | 36 | 12842 [ 0.04 | MOM

100 | 346 | 12309 | 0.04 3.52 12282 | 003 | 357 | 12235 | 005 | MLE

5] 19| 872 20 15 8888 | 0.22 1.83 8677 | 003 | 19 8706 | 001 | MOM

21 9406 | 0.19 2.6 9209 | 047 ] 28 926.7 | 053 | LSM

23 9573 | 0.32 2.25 962.3 03 | 225 | 9599 [ 028 | MOM

164 | 9078 | 017 1.95 8347 [ 004 | 20 890.2 | 008 | MLE

100 | 191 | 8273 | 0.06 1.96 8248 | 0083 ] 1.98 | 8248 0.1 LSM




Table 5. Summary of Results

Method No. of timesthe Average Standard deviation
method givesthe percentage of of the devi ations
best estimate deviation from
actual values (s)
(m)

LSM 7 21 % 15 %
MLE 6 18 % 15 %
MOM 12 17 % 14 %

5. Method Selection

We have described two graphical methods and three analytical methods for
estimating Weibull parameters , and n . Now, the question is which method do we
use? The answer depends on whether one needs a quick or an accurate estimation. In
what follows, the methods are ranked according to their accuracy or speed. The
order of the methods based on their speed (computing time) are

1. Any graphical method.

2. Least Squares Method.

3. Maximum Likelihood Estimator.
4. Method of Moments.

The order of the methods based on their accuracy are

1. Applying the three analytical methods (MLE,MOM and LSM)
and sel ecting the best one which gives the minimum mean squared
error.

2. Method of Moments.

3. Maximum Likelihood Estimator.

4. Least Squares Method.

5. Any graphica method.

6. Conclusion
In this paper, we have presented both graphical and analytical methods for
estimating the Weibull distribution parameters. It has been shown from the

computational results that the method which givesthe best estimates is the method
of moments.
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