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Abstract: We present the solution to a tricky combination problem challenged by the
                authors of “ The Mississippi Problem” published in The American Statistician,
                February 1998, Vol. 52, No.1. The word MISSISSIPPI contains three equal
                neighbors SS, SS, and PP. The authors considered a random permutation of the
                eleven letters in the word and found the probability that the permutation has no
                equal neighbors. In this paper, We solved the probability that a random
                permutation of the word STATISTICS has no equal neighbors is 1/5.
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1. The Solution

Choose an initial order of the letters in the word Statistics, for example, SSSTTTIIAC.
We solve the problem in three steps: Start with SSSTTT, insert II, then insert A, and
finally, insert C.

Let 1X be the number of equal neighbors in a random permutation of the six letters

SSSTTT. To obtain the solution we need the probability function )( 1 kXP = .
We first determine the probability function of the total number of runs (see the
references.) Consider a random permutation of m 1’s and n 0’s. Denote by U the number
of runs of 1’s and by V the number of runs of 0’s. We need the probability function of

),( sVrUP == . (Note that when 1>− sr , ),( sVrUP == =0.) The m 1’s can be
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for r =1,2,…,m and s =1,2,…,n such that sr − =1. If r= s , then
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 Step 1. Consider the permutation of SSSTTT, we know that m=n=3 and Table 1 gives
              the probabilities ),( sVrUP == for this case.

              Table 1: m=n=3  Probability Function P(U=r,V=s)
                     r\s            1                        2                      3
                      1           2/20                   2/20                   0
                      2           2/20                   8/20                 2/20
                      3             0                      2/20                 2/20
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The probability function )( kVUP =+ of the total number of runs is obtained from the
previous distribution (1.1) by summation. The result when m=n=3 is given in Table 2.

             Table 2: m=n=3 Probability Function P(U+V=k) of the Total Number of Runs
                   .        k                    2          3           4           5            6    .
                     P(U+V=k)          2/20     4/20      8/20      4/20       2/20

Let W be the number of equal neighbors in the random permutation. The relation
between runs and equal neighbors is W = m+n-U-V. Hence, when m=n=3, the probability
of 4 equal neighbors is equal to the probability 2/20 of two runs, the probability of 3
equal neighbors is 4/20, and so on. Therefore, 1X =6-(U+V). The probability function of

1X  required for the solution of the Statistician problem is given in Table 3.

                                    Table 3: Probability Function of 1X
             .           i              0                 1                  2                   3                   4   .
               )( 1 iXP =       2/20            4/20             8/20              4/20              2/20

Step 2. Insert II

Let 2X be the number of equal neighbors among the eight letters, SSSTTTII, obtained.

Since )( 2 jXP = = ∑ ===
i

iXPiXjXP )()( 112 .                                            (1.3)

We only need to consider j=0,1,2. Because when j=3, for example, T SS TT S I I, we
only have two letters A and C left and it is impossible to get no equal neighbors. The
conditional probabilities required are given in Table 4.

             Table 4: Some Conditional Probabilities )( 12 iXjXP ==
              .     i\j                0                   1                    2    .
                    0              42/56            14/56                0

                    1              12/56            32/56              12/56

                    2                2/56            20/56              24/56

                    3                 0                  6/56              24/56

               .    4                 0                   0                  12/56 .

We calculated all the probabilities given in Table 4. Suppose that 1X =0, for example,
STSTST, we will insert the first I then second I. It does not matter to insert the first I at
any place, for example, if we insert the first I to the right end of STSTST, i.e., STSTSTI,
then we obtain !S!T!S!T!S!T!I! (where “!” represent the space to insert the second I). It is
convenient to use a tree diagram to do illustration; see Figure 1.
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Figure 1: Tree diagram for calculation of the conditional probability )0( 12 == XiXp

                                                                           2X =1, ex: STSTST II

        1X =0                                             2/8
  ex: STSTST            !S!T!S!T!S!T!I!

                                                               6/8
                                                                             2X =0, ex: ISTSTSTI

Therefore, )01( 12 == XXP =2/8=14/56 and )00( 12 == XXP =6/8=42/56.

Suppose that 1X =1, an example where this occurs is TSSTST. We obtain 2X =0 by
separating the pair SS either with the first or second I inserted, but not both. It is
convenient to use a tree diagram; see Figure 2. We obtain
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Figure 2: Tree diagram for calculation of the conditional probability )1( 12 == XiXP

                                                                                        2X =0, ex: TSISTSTI
                                                                         6/8

                                           SS separated:
                                                 TSISTST
    1X =1            1/7                                          2/8          2X =1, ex: TSIISTST
ex: TSSTST

                                                                                         2X =0, ex: TSISITST
                                                                         1/8
                            6/7
                                          SS retained,                 5/8
                                          ex: TSSITST                          2X =1, ex: TSSITSTI

                                                                         2/8
                                                                                         2X =2, ex: TSS IITST

Suppose that 1X =2, an example is TSS TTS. Refer to Figure 3 and we obtain
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Figure 3: Tree diagram for calculation of the conditional probability )2( 12 == XiXP

                                                                                        2X =0, ex: TSISTITS
                                                                        1/8

                                           TT separated:              5/8
                           2/7               TSSTITS                         2X =1, ex: TSSTITSI

    1X =2
ex: TSS TTS
                                                                        2/8          2X =2, ex: TSS TIITS

                                                                                         2X =1, ex: TSSTITSI
                                                                         2/8
                            5/7
                                          TT retained,                 4/8
                                          ex: TSS TTSI                         2X =2, ex: ITSS TTSI

                                                                         2/8
                                                                                         2X =3, ex: TSS TTSII

Suppose that 1X =3, an example is T SSS TT. Refer to Figure 4 and we obtain
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Figure 4: Tree diagram for calculation of the conditional probability )3( 12 == XiXP

                                                                                        2X =1, ex: TSISISTT
                                                                        2/8

                                          SSS separated:       4/8
                           3/7             TSISS TT                          2X =2, ex: TSISS TTI

    1X =3
ex: T SSS TT
                                                                        2/8          2X =3, ex: TSII SS TT

                                                                                         2X =2, ex: TSSSTITI
                                                                         3/8
                            4/7
                                          SSS retained,              3/8
                                          ex: TSSS TTI                         2X =3, ex: TISSS TTI

                                                                         2/8
                                                                                         2X =4, ex: TII SSS TT

Suppose that 1X =4, an example is SSS TTT. Refer to Figure 5 and we obtain
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Figure 5: Tree diagram for calculation of the conditional probability )4( 12 == XiXP

                                                                                        2X =2, ex: SISISTTT
                                                                        3/8

                                            SSS separated:       3/8
                           4/7             SISS TTT                           2X =3, ex: SISS TTTI

    1X =4
ex: SSS TTT
                                                                        2/8          2X =4, ex: SII SS TTT

                                                                                       2X =3, ex: SSSTI TTI
                                                                         4/8
                            3/7
                                          SSS retained,                         We don’t have to consider
                                          ex: SSS TTTI                         other cases.
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Based on (1.3) and combining Table 3 and Table 4, we obtain
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Similarly,
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                                     Table 5: Part of the Probability Function of 2X
                                  .           j                0                     1                    2         .
                                  )( 2 jXP =      148/1120        340/1120       360/1120

Step 3. Insert A then C

Let 3X be the number of equal neighbors among the ten letters , SSSTTTIIAC, obtained.

Write )0( 3 =XP = )()0( 2

2
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                                          (1.4)

When 2X =0, for example, STISTIST, it does not matter where to insert A and C, there

are no equal neighbors. Therefore, 1)00( 23 === XXP .

When 2X =1, for example, STSTSTII, )10( 23 == XXP =
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Figure 6: Tree diagram for calculation of the conditional probability )10( 23 == XXP

                                           II separated: 3X =0, ex: STSTSTIAI

                          1/9
       2X =1
ex: STSTST II   

                                                                          1/10       3X =0, ex: STSTSTICIA

                             8/9
                                             II retained,
                                           ex: STSTST IIA

                                                                          9/10        Does not need to consider other
                                                                                         cases.
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When 2X =2, for example, TSSTSTII, )20( 23 == XXP =
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Figure 7: Tree diagram for calculation of the conditional probability )20( 23 == XXP

                                                                                       3X =0, ex: TSASTSTICI

                                                                        1/10

                                           SS separated,
                                            ex: TSASTSTII      9/10
     2X =2          2/9                                                            No need to be considered.
ex: TSSTSTII

                           7/9
                                           No need to be considered.
Therefore,
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This is the answer to the Statistics problem.
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