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Abstract

For sample size n, it iswell known that the kurtosis statistic b, (the standardized fourth moment)

islessthann . We show that b, <n — 2 + ﬁ and this maximum value will be reached only whenn — 1
of the data points are equal to each other and unequal to the n-th point. The skewness statistic also has a
maximum with this configuration, and itis n — 3 4+ 1.
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I ntroduction.

The kurtosis statistic is often used to measure how flat or peaked a frequency distribution
Is. It isaso used to judge how close the underlying distribution isto normal. It iswell
known and easy to prove that kurtosisis less than the sample size. Johnson and
Lowe(1979) report the inequalities b, < N and \bl\% < (N —1)z . Johnson and Lowe
point out that "these bounds have serious consequences for situations in which b% and b,
are used to estimate the population skewness and kurtosis." They give an example for the
log-normal distribution with kurtosis 113.9. Clearly a small sample size would seriously

underestimate the popul ation moments.

This paper establishes upper bounds for b, and b, that are smaller than those previously
known. Asasideissuewe will also discover that for a sample of size n there is an upper

bound on the standardized data which depends only on 7.

Notation.

Letz,i=1,...,nrepresent n real numbers. Let m; be the moment statistics:
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The skewness is measured by b? = ms/m?>/?, and kurtosisisb, = my/m3. Wewill

refer to the standardized datavalues as z; = (z; —Z)/S. Themeanisz = anq;i/n , and
i=1

the standard deviation iss = (3 (z; —2)%/(n — 1) ):.
i=1

Derivation.

Suppose we have asample of n + 1 real numbersz; ,i=1,...,n+ 1. Let 1 bean

arbitrarily chosen x. Write b, as sums of powers of the z;.
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Expanding the numerator and denominator as polynomialsin zn.; and performing
polynomial division by means of Mathematica (W ol fram, 1996), we find that this can
bewrittenasn — 1 + 1/n + R for asample of sizen + 1. So for asample of sizen:
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n —

b2:n—2+

1+R (2)

The remainder R has the form:
(co+ crzne1 + C2CU%+1)

R = .
n n 2
( _19«“? +Th) — (;xz + one1)?/(n + 1)

?



The coefficients of the numerator are:

co = % [n(n + 1);@";1 - 4n;x1;xf (4)
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A new upper bound on b, will be established if we can show that R is nonpositive. We

have the identity

my 1
bh=—=n—-2+——+R. 7
2 m3 " + n—1 + (7)
Solving for R gives
-9+ -1 \m
o ;jnfl) 3 (8)
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_ nXE(e—T)—(n—2+425)(S(@—7)?)>
- (X(z—7)?)?
We write



which can be written more compactly as:

522 =S4 + S99

Now R can be written:

nSy—(n—2+ ﬁ)(sﬁ + S)

R = 9
S+ Sop ()

Mitrinovi¢(1970) gives thisinequality, which he attributes to G. Kalgjdzic.

n
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n
where zy, ---, x,, are adl nonnegative, k > lisaninteger,and ) "v; = k + 1. Setting
i=1

z; = y7 with k = 1 gives

5222 < n(nZ_ D) (;512)2 = n2;1(54 + S99), (11)
which implies that
s> (12
Now by substituting (n — 1).S, for S, in the numerator of R we get:
nSy—(n—2+ —5)(Ss+ S») - _ n(n —2)2S, <0, (13)

Sa + S — (n=1)(S2+ Sy)



Thisprovesthat R isnegative, and consequently

1
by <n—2+ . (14)
n—1

The fact that b, can reach this upper limit can be shown by applying I'Hospital’s rule twice
to R, revedlingthat lim R = 0.

T)—00

Thisresult seems rather abstract, since we don't expect to find samples with one
extremely large outlier to force b, near its limit. Are there reasonable configurations of

data points that have kurtosis a or near the limit? Thereis, in fact, just one.

Tofind aset of n + 1 numbers with maximum kurtosis, observe what happens to the

standardized value of an arbitrary element x;, as x;, increases.

2 — (Vs + o) /(n+ 1)
lim 2z, = lim i=1 SR L (15)
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Similarly

lim 2= — —— ik 16
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Substituting these values into b, yields n — 1 + % In fact, any set of n numbers with

n — 1 equal and one different will work. Say there are n — 1 numbers z and one y. Then



BRI EC EIC DL
(n—1)(n® — 3n%+ 3n
n?(n —1)32

~—

=n-—-2+

n—1"

Since b, measures how flat or peaked a distribution is, this result makes intuitive sense.
The most peaked distribution possible would have all points equal, but that is degenerate
and b, isundefined. The next most peaked would place n — 1 of the values at one point

and one anywhere else.

Whenthere aren vauesat x and m valuesat y, b, = * + > — 1. Whenn = m, we

n
m

have aminimum, since b, = 1.

By acalculation similar to (12), wefind that b, isn — 3 + —L- when b, is maximum.
According to Johnson & Kotz (1970, p. 14), b, — by > 1. Thereforen — 3 + ﬁ isa

maximum for b;.
Discussion.

Dr. L. R. Shenton posed the question "What is the maximum value of the fourth moment

inasample of sizen?' Thishasled to three surprising results:



by <n—2+4+——,
n—1

by <n—-3+——r,
n—1

max(z;) < ——
<n n2

Teuscher and Guiard(1995) have investigated inequalities involving skewness and
kurtosis. Their work assumes the existence of standardized unimodal frequency
distributions, which this paper does not. The inequalities above are only dependent on
the existence of n real numbersfor their validity. Teuscher and Guiard also point out that
theinequality b, — by — 1 > 0 attains equality for 2-point distributions. That isthe case

when b, and b, are at their maxima
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