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ABSTRACT

The object of this research is to investigate what are the probability distributions obtained
by continuous averaging of parameters. Suppose we have the following univariate

compoundings:
1. x|)\ has a Poisson distribution with parameter
2. )\|y has a gamma distribution with parameters h and y.

3. y'|u has a gamma distribution with parameter* and k.

In this paper, | find the probability density functions 20|f/J, x|yand the probability
mass function ofu



1. Introduction

Suppose we have the following univariate compoundings:

(@) x|)\ has the probability mass function

e\

P(xA) = x=0,1,2,...

(2) )\|y has the probability density function

(h/y)h h-1,.~(h/y)A
Aly,h))=—" 2" MY NS0
9.(Aly.h)) )

3) y‘1|/,l has the probability density function

4l - k/ll_l)k ANk=1 - -1y,1 _
1 l,k :( 1 kle (") , l>0
9, (Y™ k) “rig v y

There are three problems to be solved:

(1) What is the probability density function Q)fu ?
(2) What is the probability mass function m|fy?
(3) What is the probability mass functionxlyfl ?

In order to find more general results, | consider the following cases with parameters
AU, XY

X A y H
Case 1 U U U U
Case 2 M U U U U: Univariate
Case 3 M M U U M: Multivariate
Case 4 M M M M

When referring to the joint distribution of n random variables, | use the term “joint
generalized probability density function”(abbreviated by joint g.p.d.f.) to describe a
functionf that may be their joint probability mass function(p.m.f.), their joint probability
density function(p.d.f.) or their joint mixed functions(p.m.f-p.d.f.).

The results for case 4 are trivial from Casel for independence over i=1,2,...,n. The proof
for each theorem is presented in Appendix A. Some properties of Confluent
Hypergeometric Function are given in Appendix B.
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2. Theoretical Results

The results for Case 1 are given in Theorems 1,2 and 3.

Theorem 1 The probability density function ofu is
L0 = [ 0,0 Vg, (v lody™

C(h+k)(2h)"(2k) A/ )" ™
F(h)r (K)[(2An/ ) + 2k]™

A>0

Note: If we letA’=(A/Y), thenA’ has an F distribution with 2h and 2k degrees of freedom.
Therefore has uF,, 5, .

Theorem 2: The probability mass function ofly is

04y, = [ PO g, (Aly, A

+h-1
y h B =012,
X y+hpoy+h

Note: This is a negative binomial distribution with parameters h—a%eﬁ
y

Theorem 3: The probability mass function m|fu is

Q@Mnm:ﬁpwmnumnmm

1 +h-1" (h+k) Y 5
%%( « Eir(k) %QU(x+h,x k+1h),
k

x=0,1,2, ,X+h?0? 0

Note: U (x+h;x—k +J;E) is a Confluent Hypergeometric Function (see Appendix B.3).

The results for Case 2 are given in Theorem 4 and 5.
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Theorem 4:Let x = (X, X,,-..,X,) , then the joint g.p.d.f. oi<|y IS

£ty = [ ] POx s (Al o

x +h-11 y E@‘Ehh %
“xh-1 ghtnyd thenyd

x=0,1,2,... fori=12,...n

Note: This is a multivariate negative binomial distribution with parameétei;]s:/—) .
ny
Theorem 5:Let X = (X,,X,,....X,) , then the joint g.p.d.f. of|u is

fs (X

100 = [ ] pxDE @l o

1S x +h-10(h+k) k2% o " nk
=(= ' —)= U +h) x —k+L—),
(u%zm_l SRR R

x=0,1,2,... fori=12...,n
The results for Case 3 are given in Theorems 6,7 and 8.

Theorem 6:Let A =(A,A,,...,A,), h=(h,h,,...,h,) then the joint g.p.d.f. oﬂ|/,l IS

foh 110 = [T SuOhly. Ly ™ oy

O

|:| n
e ) O il T2

E Air(hi)%r(k) % . dimk)
0% hA + ke
@i A+ U H
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Corollary 6.1: If h =h for i =12,...,n, then
0 0
O

i 0
h k) = %_‘l %Dh ﬂE(uk) DD r(nh+k) O

f. (A
A HmHHrw DD%' ﬂ“*k
(3 M)+

A >0 fori=12...n

Theorem 7: Supposel has the joint g.p.d.f. as given in Theorem 6. Defihe ( /2k)
v

Wherew = (— U u_ n) . We obtain® hasF,, ,, distribution and the joint

2h, '2h,""'2h,
g.p.d.f. is

n
- +k)

n hi o n h-1 n (Z
(?)“%(k,n) (] Ha+3 e

) h +k
Ao DR
where @ :T >0 fori=12,....,nand B(k,h)™

r(k)” r(h)

Furthermore, we hava = ud®.

Corollary 7.1: If h =h for i =12,....nthen A = uyF,,, ,, wherel=(11...1)

Theorem 8:Let X = (X, Xy,..-,%,) , A = (A, A,,...,A,) ,h=(h,h,,....h,), then the joint
g.p.d.f. ofu is

£ (xh, 1K) = jja‘l P |Ai)§6@|n,u,k)dm...dm
a_‘léq % 1% k) Dr(zh )
(k) D I—|| (h*)
O n
O EZ hA, E»/Jk

U(x +h;x® =h® = (k-1); -

]

I e



where x, =012 ,.fori=12...,n

X(i) - I X, h(i) - C h-, h(n) =0
Sx. 0= 5h
Note: Because ok" and h"” we have dependence.

Appendix A

(A.1) Proof of Theorem 1.

LK) = [ gl(A\h, Vg: (v Ky

(h/Y) ( )A (k/l«l AP —(k) 1y
] () T Y Teray”
(uk)*h"AMt

o ~1yh+k=1 _~(Ah+pk) 1y 4. -1
rrag LY e dy

(UK)*h"A™  T(h+k)
F(hrk) (Ah+ uk)™™
T(h+k)(2h)"(2k)* AT
r(h)r (k) (2Ah + 2uk)™*
C(h+k)(2h)" (2K A"
F(h)r (k) (2h Al 2K
u

,A>0.

)
U

Let A —i, we know
u

F(h+k)(2n)"(2k)* (A"
r(hr(k) (2hA" + 2k) ™k
is an F distribution with 2h and 2k degrees of freedom.

(A.2) Proof of Theorem 2:

f(X‘y,h) [ PO g, (Ay A Ie A Y)" gt gy

X T(h)

o ~a+M h
_(h)h 1 EI A Y g = : h (x+h)
y' (h) xJo y T (h)x (1+ﬁ)x+h
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h x+h 1
T(x+hh" y _ §<+h E y Y (— x=0,1,2,...
F(h)x y" (y+h)* y+h y+h

(A.3) Proof of Theorem 3:

=" A 1 T (h+Kk)(2h)"(2k)" A"

Lo =, p(XA)fl(A‘u’h’k)dA T LT e 20
C(h+K)(h)" ()< = e A
U I (h) (k)X I (hA +K)"
_M(h+k)(h)" (k)" o et ~(h+i)
e [e A+ ) dA (A.3.1)

Xl—b
SinceU (a;b; x) =
r(a)X»

comparing it with the integration part in (A.3.1), we know that x+ h ,

I e 'V (x+v)"?*dv, a>0 and x>0 (See Appendix B.3),

b=x-k+1, X:E. Therefore,

r(x+h)

(k)“

Substituting (A.3.2) into (A.3. 1) we obtain

fe‘W*h'l(A +E)‘<“+k> dA = U (x+h; x—k+1; ) (A.3.2)

f3(xu,h,k)—r(hrJr(E))ﬁgz;lh)( =)U(x+hx-k+1 )
1 X+h=-10 (h+k) k
HEX y 9 ()U(x+hx k+1 )

Wherex=012,....x+h> Oand% >0.

(A.4) Proof of Theorem 4.

f,(X

v = T pix |A)Eglu|y, P

MA 3 (h/Y) AL M/A g
1 |_||( %) (h)



(h/y)"T(h+ ixi)

o (n>s+h-l) —(n+E)A
MG Y P =

e n
ro]en” O] e
S x +h-1f1 y E?‘th %
T h-1 NNy +ny
n X +h- 15 F(ZX +h)

Wherex =012 ,..fori =12,...n and%
x,h-1 ﬁ F(h)”(x')

(A.5) Proof of Theorem 5:

fo (X

T L A

n

) %)
e R 1T(h+k)Eh)"(2K* A"

- h+k dA
” xn B TR (2hA+2k)
(Y x+h-1)

r(h+ k)(2h) (2k)* e™
I Z h+k dA
ur (O] xh = G+

In the integration part, letA =t , we obtain
TOXEEIE
(Z&*’h l) _ 1=1
© A e™ _ (n € 1

—d)\ —dt
h+k
n

1 <Zf»+h D1 )
= (f) ”t(z x +h-1) -

= l
h+k

2h+k
n

e (ht+nk) "™ dt

(A.5.1)



1 (3%
13

o QXD nk, -
-Nn £ t (h+k)
= — [t e (t+— dt A5.2

(2h)"* J:’ ( h) ( )

Comparing the integration part in (A.5.2) with(a; b; x giyen in (B.3.2), we know
- - nk .

a=9% x +h, b=¥ x —k+1, x=—. Therefore, (A.5.2) is equal to
Z . Z . (A5.2)is eq

1 (Zx— I'(Zx +h)

= [ n h; -k+1— A.5.3
(Zh)h+k (nk ix (IZX + Z +l, ) ( )

h
Substituting (A.5.3) into (A.5.1), we obtain

whky =Tk (E)Z‘r(ixwh)
H rr o] (<

fs (X,

ﬂ]J(Iixi +h;ixi —k+l‘n—k)

_ 1,55 x +h-1H (h+K) k. 2" O
(“)sz,h—l W() DU(ZX"‘ ZX s )

wherex, =012 ,...fori =12,...,n

(A.6) Proof of Theorem 6:

k0 = 1 60y oy

oL /Y) Ah—le—/\‘(h‘/y) EE(k/IJ_l)k

¥ 1Eaoy i ey

)", (Y ha)y™
J— I_ll B S Ah—l)(y—l)z Z dl«l) (y )k 1o (uk/y)dy
o I_ll_(h) . (k)



Z h+k-1 -(ZM +Hk)y !
e dy

-1

n h h
® (s 0" -
Dr(hl) 1= r(k)

SR .
st N B

“AATO) ST (k)
E%Z)m + k) & 5

(A.7) Proof of Theorem 7:

, WhereA, > QGori=12,...n

Since A |y has the p.d.fg()\i‘y,h)—(hrég)) Mg A 350,

We know thatE(A|y) =y wherel=(11...]). Let x? denote the Chi-square
Distribution with n degrees of freedom, we know tBg) ) = n=2h .

Therefore,é|y has the following coordinates
y

i XZh (— —) fori=12,.
y
Since y‘1|u has the p.d.fgz(y‘ |/J‘ ,K), we know thatE(y™) = u~*. Therefore,
H X2k (— ) HenceM has the following coordinates
y puly
Aly _A _ul2h fori=12..
/J/y U v/i2k
Define ® —L where (— —= Uy —), then from the g.p.d.f. of given in
(v/2k) 2h, 2h "2h,

Theorem 6, we know® ~ F,, ,, and ® has the g.p.d.f.
(3 1+

" b L A Y Ah |
-+ k,h ) (1 =1 , Wh =—L1>0f =12,..., d
G %( W([]ear @) whereg =2 >0 for i =12,..n an

() h+k)
B(k,h)™ = ———— . Furthermore, we obtaiA = 1 [® .
r(|<)|_] r(h)
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(A.8) Proof of Theorem 8:

h(ﬁlb%k):ﬁm}jﬁj p(X; |Ai)§s(dlb,u,k)d)\l A,
(|‘] h) (k) F(Zx +k) aﬁui)wﬂ%—?

T]rmF ] o ')H (,i“‘i PR

In the multiple integration of (A.8.1), if we integrate with respeci tdirst, then we
have

dA, (IeiA (A.8.1)

n)\i
Axl+hl 1|—| ()pﬂ”\ l)e e ;

U U
U U
I [mrg ——d\, @A, eiA,
(e Sha) 2
H H

n

— A

U (Ax|+h—l)e ; '

(hl)Zh +k

}\?**‘l'le'A1

dA, oA, A, (A.8.2)

=, j

HK +

A+
E[ +( h1 N

Comparing the integration inside the braces of (A.8.2) Wifh;b; x given in (B.3.2),
we know

I:IQ‘SIZIEI:II:II:I

(imk)

I B B

=x, +h,, b=xl—(ihi k) +1, X:(ihi}“ 1K)/,

o Axl+hl_l A
Therefore, L dA,
le + hA (in+k)
[A + (Z)]
h A+ Uk
_ r(x +h) (%, +h;x - Zh +k)+1 22— ) (A.8.3)
h +k=x, hl
HZ hA + uk BZ
D
D , O
O O
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Substituting (A.8.3) into (A.8.2), we obtain
> hA + 1k

M +th) : c 5

A m(x thyx -Sh - (k- 22—

()™ (% +h;x Z (k-1 h )
x=() h+k)

10, U Ay ie B (i nA v o, e, (A.84)

In the multiple integration of (A.8.4), we now integrate with respedt,to
h-lg -2 +h,-1 4 (ih+k) U
I [mq U (A)S" e g e e (Z hA +uk) = dA,LdA, OM8A, (A.8.5)
]
Comparing the integratlon inside the bracket of (A.8.5) Wiila;b; x , wg know

Zh)\ + 1k

,th,, b=(x +Xx,)— h -(k-1, x= "3h— Hence, the integration
1= 2

with respective tod, is equal to
x- (Zzh +K) h A+ uk
F(x, *y)(hy) U (x, +h,; (% +%,) - Z h-k-32——) (A86)

h+k=(%+X,) 2

EZ hA + ukE;

h,
O O
O O
Substituting (A.8.6) into (A.8.5), we obtain
hA + uk
M(x, +h,) : C =
#U (X, +hy; (% +%;) = Z h —(k _l)’ah—z)
+x2)—(in+k)

qmﬂ] U()\)““‘l 2 (Zh,)\,ﬂJk) & dA, DA,

By doing the integration step by step, we finally obtaj(11<|r_1,/,l,k) given in Theorem 8.

Appendix B

(B.1) Generalized Hypergeometric Functions:

The generalized hypergeometric differential equation is

0d, d d d d d d |
—(X—+b, -D(x—+hb, -1 X—+b; =) —-x(x—+a)(x—+a X—+a =0

D<dx( ™ b, —1)( ax P ) I ax e ) (OIX )( ™ ») HI{ ™ A)Ey

(B.1.1)
-12-



This is a linear equation of order max(A,B+1), and its solution is in terms of the
generalized hypergeometric function:

WPl 8.ty by by = (@ 0 = 5 (2 Bee B0 5 L1
n= (bl)n(bz)n |:l]:lmbs)nn! n= ((b)n)nl
(B.1.2)
Where (a), =a(a+1)(a+2){I{a+n-1)and(a), = 1 for all a,,b, andx can be real
or complex number provided that bBois a negative integer (Bailey, 1935, Chapter 2).
Here xis called the “variable’ and, ,b, are called the “parameters” of the function.
In particular, if A=B=1, then the equation (B.1.1) reduces to
2
x‘;X3’+(b—x):—3):—ay:o (B.1.3)

This equation is the Confluent Hypergeometric Equation known as Kummer’s equation,
and any solution of equation (B.1.3) is a Confluent Hypergeometric Function. The
simplest solution is Kummer’s function,

) (a)nxn
& (b),n!
This is the standard hypergeometric notation introduced by Pochhammer in 1870 and
modified by Barnes (1908, a,b).

Flab;x] = (B.1.4)

(B.2) The Second Form of Solutions of Kummer’s Equation:

Define an alternative form of solution of Kummer’s equation as
U (a;b; x) :Ml F.la;b; x] + rb-9 X" F[l+a-b2-b;x] (B.2.1)
Frl+a-b) M(a)

The functionU (a;b; x )s a many-valued function of. This function is analytic for all
values ofa,band x real or complex number even whbiis zero or a negative integer.

(B.3) Euler Type Integrals fod (a;b; x :)

The corresponding Euler integral for(a; b; x is)given by

1 ~» a o
U(ab;x) =——[ e t*'(1+t)***dt for a>0, x>0 B.3.1
@b = ¢ 5 f, T x (8:3.1)
This integral can also be transformed in various ways, for exampes ¥, then
X e b-a-1
U(a;b; x) = e Vi (x+v) " dv B.3.2
@b = F s f, eV 0cry) (832)
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